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www.morganclaypool.com

ISBN: 9781598298192 paperback
ISBN: 9781598298208 ebook

DOI 10.2200/S00197ED1V01Y200906MAS005

A Publication in the Morgan & Claypool Publishers series
SYNTHESIS LECTURES ON MATHEMATICS AND STATISTICS

Lecture #5
Series Editor: Steve G. Krantz, Washington University, St. Louis

Series ISSN
Synthesis Lectures on Mathematics and Statistics
Print 1930-1743 Electronic 1930-1751



The Geometry of
Walker Manifolds

Miguel Brozos-Vázquez
Department of Mathematics, University of Coruña, Spain

Eduardo García-Río
Department of Geometry and Topology
Faculty of Mathematics, University of Santiago de Compostela, Spain

Peter Gilkey
Mathematics Department, University of Oregon, Eugene, OR, USA

Stana Nikčević
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ABSTRACT
This book, which focuses on the study of curvature, is an introduction to various aspects of pseudo-
Riemannian geometry. We shall use Walker manifolds (pseudo-Riemannian manifolds which admit
a non-trivial parallel null plane field) to exemplify some of the main differences between the geometry
of Riemannian manifolds and the geometry of pseudo-Riemannian manifolds and thereby illustrate
phenomena in pseudo-Riemannian geometry that are quite different from those which occur in
Riemannian geometry, i.e. for indefinite as opposed to positive definite metrics.

Indefinite metrics are important in many diverse physical contexts: classical cosmological
models (general relativity) and string theory to name but two. Walker manifolds appear naturally
in numerous physical settings and provide examples of extremal mathematical situations as will be
discussed presently.

To describe the geometry of a pseudo-Riemannian manifold, one must first understand the
curvature of the manifold. We shall analyze a wide variety of curvature properties and we shall derive
both geometrical and topological results. Special attention will be paid to manifolds of dimension
3 as these are quite tractable. We then pass to the 4 dimensional setting as a gateway to higher
dimensions.

Since the book is aimed at a very general audience (and in particular to an advanced under-
graduate or to a beginning graduate student), no more than a basic course in differential geometry is
required in the way of background.To keep our treatment as self-contained as possible, we shall begin
with two elementary chapters that provide an introduction to basic aspects of pseudo-Riemannian
geometry before beginning on our study of Walker geometry. An extensive bibliography is provided
for further reading.

Math subject classifications
Primary: 53B20 – (PACS: 02.40.Hw)
Secondary: 32Q15, 51F25, 51P05, 53B30, 53C50, 53C80, 58A30, 83F05, 85A04
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Preface
Much of the early research in differential geometry was expressed in terms of local coordinates

and often dealt with purely local phenomena. However, in the years following the second world war,
the relationships between the geometry of a manifold and its underlying topological structure began
to be explored.

Among the many notable results of this period is a theorem of de Rham [229] in 1952
which concerns the structure of a complete connected Riemannian manifold M of dimension m
on which there is defined a field D of tangent k-planes which is parallel with respect to the Levi-
Civita connection ofM . Here, of course, one assumes 0 < k < m so the question is non-trivial. The
complementary tangent field D⊥ of (m− k)-planes is parallel as well. Since these two distributions
are necessarily integrable, they define complementary foliations F and F⊥. Such a structure has
topological implications. De Rham showed that if such a manifoldM is simply connected, thenM
is isometric to the orthogonal product F × F⊥ of any two leaves

F ∈ F and F⊥ ∈ F⊥ .

At this time, Walker [256, 257] studied the same problem from the point of view of fiber
bundles, motivated by an earlier attempt by Thomas [250] to obtain a global “product theorem"
[135]. Walker considered the case where the leaves of the foliation F fiber M , giving a definitive
description of the structure of such bundles. The two pieces of work are closely related, although de
Rham’s formulation tackles the general case explicitly.

Walker was interested in this problem in the pseudo-Riemannian context where the inner
product in question has signature (p, q) for p and q both non-zero. If D ∩ D⊥ is non-trivial,
or, equivalently, if the induced metric on the distribution D is degenerate, then the situation is
quite different. Walker recognized that a full understanding of the global structure of M in the
general case was out of reach, and instead concentrated on devising coordinate systems in which the
metric tensor took a simple canonical form, yielding information on the pseudo-group of coordinate
transformations for the structure, and hence some insight into global questions. In [254] he began
to explore the new features of the pseudo-Riemannian case. In [255] he studied parallel fields of
null k-planes, and obtained a local canonical form for the metric in this setting. Henceforth, we
will say that M = (M, g) is a Walker manifold and that g is a Walker metric if there is a non-trivial
totally isotropic parallel distribution; the manifold or metric is said to be strict if the distribution in
question is generated by parallel vector fields.

The case in whichm = 2k is of special interest, and is the subject of [221]. In 1964 Wu [261]
considered the pseudo-Riemannian case, and succeeded in showing that de Rham’s theorem still
holds, with the obvious modifications to the statement. In two later papers [258, 259] there are global
results on the existence of affine connections with respect to which one or more given distributions
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are parallel. We refer to [121] and the references contained therein for additional examples which
use Walker’s results to obtain further information of a global character.

There is much recent investigation into Walker geometry in the mathematical physics litera-
ture. Lorentzian Walker manifolds have been studied extensively in the physics literature since they
constitute the background metric of the pp-wave models [2, 179, 181, 200]; a pp-wave spacetime
admits a covariantly constant null vector field U and therefore it is trivially recurrent, i.e. one has
the relation:

∇U = ω ⊗ U for some 1 form ω .

Lorentzian Walker manifolds present many specific features both from the physical and ge-
ometric viewpoints [67, 80, 190, 225]. We also refer to related work of Hall [165] and of Hall and
da Costa [166] for generalized Lorentzian Walker manifolds – these are spacetimes admitting a
non-zero vector field n� satisfying

Rijk�n
� = 0

or admitting a rank 2-symmetric or anti-symmetric tensor Hab with ∇H = 0. We also refer to the
discussion in [93, 94, 95, 103, 197, 198, 199] for other work in the mathematical physics literature.

Pseudo-Riemannian metrics of signature other than Lorentzian have received considerable
attention in mathematical physics since the work of Ooguri and Vafa [216] on N = 2 strings
[22, 82, 176, 195]. Sahni and Shtanov [230] have provided applications of pseudo-Riemannian
metrics in braneworld cosmology.

Walker manifolds constitute the underlying structure of many strictly pseudo-Riemannian
situations with no Riemannian counterpart: indecomposable (but not irreducible) holonomy [23],
Einstein hypersurfaces with nilpotent shape operators [194] or some classes of Osserman metrics
which are not symmetric [106] are typical examples. Walker manifolds have also been considered
in general relativity in the study of hh spaces [47, 119]. Moreover, the fact that para-Kaehler and
hyper-symplectic metrics are necessarily of Walker type motivates the consideration of such metrics
in connection with almost para-Hermitian structures.

In this book, we study the geometry of Walker manifolds. We will often omit technical proofs
based on lengthy computations in the interests of brevity and refer the reader instead to the original
references in the subject. Many of these calculations are long and straightforward; computer algebra
programs are useful in these settings.

Here is a brief outline to the book. As our book is intended to be accessible to a wide audience
– and in particular to an advanced undergraduate or to a beginning graduate student – we begin
with two Chapters which are elementary and present an introduction to the subject. Chapter 1
deals with algebraic preliminaries. It is often useful to work first in the algebraic context and then
pass subsequently to the geometrical setting. We introduce curvature models, discuss the Jacobi and
the skew symmetric curvature operators, and examine questions related to the spectral geometry or
commutativity properties of these operators. Chapter 2 deals with the geometric context. We intro-
duce basic manifold theory, pseudo-Riemannian geometry, pseudo-Hermitian and para-Hermitian
structures.
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In Chapter 3 we introduce Walker geometry. We treat Walker coordinates, introduce several
different families of Walker manifolds, and treat the theory of Riemannian extensions. In Chapter
4, we specialize to the 3 dimensional setting discussing adapted coordinates and local forms for the
Ricci and curvature tensors of a Walker manifold. We explore some features of Walker manifolds
with non-zero scalar curvature, examine strict Walker manifolds, and discuss curvature homogeneous
Lorentzian manifolds. Chapter 5 treats 4 dimensional Walker geometry. Formulas are given for the
Levi-Civita connection, the curvature tensor, the Ricci tensor, and the Einstein equations in the
context of Walker geometry which are central to our subsequent discussion.

Chapter 6 treats the spectral geometry of the curvature tensor. One imposes certain natural
algebraic conditions on the curvature tensor and examines the associated geometric consequences.We
examine Osserman geometry in both the context of Walker geometry and in the more general context
of manifolds of signature (2, 2). We also treat Ivanov–Petrova geometry and analyze Riemannian
extensions of affine surfaces with several properties on the curvature operators. Chapter 7 treats
Hermitian structures in dimension 4. We give a local description of proper almost Hermitian Walker
structures that are locally conformally Kaehler, self-dual, �-Einstein or Einstein. We also show that
any proper almost Hermitian structure on a Walker manifold of dimension 4 is isotropic Kaehler.
Moreover, a local description of proper almost Kaehler Walker structures that are self-dual, �-
Einstein or Einstein is given and it is proved that any proper strictly almost Kaehler Einstein
structure is self-dual, Ricci flat and �-Ricci flat. This is used to supply examples of flat indefinite
non-Kaehler almost Kaehler structures.

Chapter 8 deals with special Walker manifolds. Walker manifolds of dimension 4 are
parametrized by a triple of functions (a, b, c). We shall set two of the parameters to zero so the
Walker manifold is defined by a single function. We examine the curvature tensor of such mani-
folds, study proper complex structures, determine the eigenvalues of the Weyl operator, and examine
commutativity properties of the curvature. We examine the conformal Osserman operator, study
geodesic completeness, Ricci blowup, and curvature homogeneity.

The book concludes with a lengthy bibliography.Whilst a complete bibliography is impossible,
we have attempted to list many of the major works in the field. As this book is intended for a wide
audience, we have also attempted to outline some (but clearly not all) of the history of some of
the developments in the field in each Chapter. A glossary with the main notational conventions
employed is provided at the end of the book.

Acknowledgments:The research of all of the authors was partially supported by Project MTM2006-
01432 (Spain); the research of S. Nikčević was partially supported by Project 144032 (Srbija).

M. Brozos-Vázquez, E. García-Río, P. Gilkey, S. Nikčević, R. Vázquez-Lorenzo
May 2009





1

C H A P T E R 1

Basic Algebraic Notions
1.1 INTRODUCTION
The first two Chapters are intended to be elementary and serve as an introduction to the subject for
the reader who is perhaps not familiar with the matters under consideration. It is often convenient
to work in a purely algebraic setting and then pass to a more geometrical one; questions of geometric
realizability then arise as there are often algebraic structures which have no corresponding geometrical
analogues. In this Chapter, we introduce the algebraic structures that we will be using; the reader
may want to read the next Chapter (which deals with the corresponding geometric structures) before
reading this Chapter, as these structures provide the motivation behind those considered here. It is,
however, convenient from a purely practical matter to discuss the algebraic context first.

Here is a brief outline to this Chapter. In Section 1.2, we present a brief historical outline.
In Section 1.3, we present some basic algebraic notions. In Section 1.3.1, the Jordan normal form
is introduced; it will play an important role all along the book and especially in Section 1.4.2. In
Section 1.3.2, we introduce indefinite signature inner products; in Section 1.3.3, we discuss algebraic
curvature tensors. We then pass to the complex context introducing Hermitian and para-Hermitian
structures in Section 1.3.4. In Section 1.3.5, we discuss the Jacobi and skew symmetric curvature
operators, and in Section 1.3.6, sectional curvature and Ricci curvature are treated. The latter leads
to a curvature decomposition of the space of algebraic curvature tensors that we present in Section
1.3.7; special attention is paid to the Tricerri-Vanhecke irreducible decomposition in the Hermitian
context. The Weyl tensorW is presented as well; in 4 dimensions there is an additional splitting

W = W+ ⊕W−

which gives rise to the notions of self-dual and anti-self-dual as is discussed in Section 1.3.8.
Section 1.4 deals with properties of the following natural operators associated to the curvature

tensor:

J the Jacobi operator,
R the curvature operator,
ρ the Ricci operator .

In Section 1.4.1, the notion of Osserman tensor is defined; in Section 1.4.2, this notion is specialized
to signature (2, 2) and a basic algebraic classification result is given. The conformally Osserman
condition is treated as well in this section. In Section 1.4.3, Ivanov–Petrova models are treated. In
Section 1.4.4, Osserman Ivanov–Petrova models of signature (2, 2) are discussed. In Section 1.4.5,
curvature commutativity properties are presented.
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1.2 A HISTORICAL PERSPECTIVE IN THE ALGEBRAIC
CONTEXT

Geometric information about a pseudo-Riemannian manifold (M, g) is essentially encoded by
the curvature tensor R ∈ ⊗4T ∗M . Hence, a central problem in differential geometry is to relate
algebraic properties of the curvature tensor to the underlying geometry of the manifold. Because the
full curvature tensor is a difficult object to study, the investigation usually focuses on different objects
associated to the curvature tensor. Algebraic properties of curvature operators have been extensively
investigated, with special attention being paid to both the spectrum of such operators (the Jacobi
operator and the skew symmetric curvature operator being typical examples [172, 218]), and to the
existence of commutativity relations between the Ricci operator and different curvature operators
[27, 169, 237]. Boundedness properties have also been examined [29].

Commutativity properties of curvature operators have been systematically investigated during
the last years.The skew symmetric curvature operator and the Jacobi operator were first studied in the
Riemannian setting for hypersurfaces in R

m+1 [253] and then subsequently studied in the general
pseudo-Riemannian context in [53, 54, 55]. Other commutativity relations between the Ricci, the
Jacobi and the skew symmetric curvature operators have also been considered in the literature. We
refer to [48, 50, 150] for more information.

The skew symmetric curvature operator can be regarded as the part of the curvature tensor
describing the behavior of circles [171]. Geodesics and circles are classical objects in geometry and
physics [3, 4, 18, 186], the latter being preserved by Möbius transformations and thus related to
the conformal structure (note that Möbius transformations constitute a special class of conformal
transformations characterized by preserving the eigenspaces of the Ricci operator).

A pseudo-Riemannian manifold (M, g) is said to be an Osserman space if the eigenvalues of the
Jacobi operator are constant on the unit pseudo-sphere bundles. The fact that the local isometries of
any locally two-point homogeneous space act transitively on the unit pseudo-sphere bundles shows
that any locally two-point homogeneous space is Osserman. The converse is known to be true in
Riemannian geometry if dim M �= 16 [83, 206, 208, 209] and it also holds for Lorentzian metrics,
even under some weaker assumptions [30,128].The situation is,however,quite different when higher
signature metrics are considered. Indeed, although some of the two-point homogeneous spaces can
be recognized by some Osserman-like properties [32, 44], a remarkable fact is the existence of many
non-symmetric and even not locally homogeneous Osserman pseudo-Riemannian metrics. A two-
step strategy has been followed so far in the study of Osserman manifolds [157]. We refer to [5, 17]
for further details concerning Clifford algebras. The first step in the study of Osserman tensors
consists in the determination of the possible algebraic curvature tensors which are Osserman; this is
closely related to the existence of certain Clifford structures [44, 83, 206, 208, 209]. The second step
is then to classify the manifolds with such a structure. This shows that a fundamental prerequisite
for the understanding of Osserman metrics is first to study the problem at a purely algebraic level.

We reiterate the fact that there are many Osserman algebraic curvature tensors which cannot
occur in the geometric setting as Osserman manifolds [32, 136, 130, 137], although they can be
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realized geometrically at a given point. Although the Jacobi operator is probably the most natural
operator associated to the curvature tensor, there is some important geometrical information enclosed
in some other operators like the Szabó operator (which is defined by the covariant derivative of the
curvature tensor), the skew symmetric curvature operator or the higher order Jacobi operator [137].
Moreover, not only the Riemann curvature tensor has been used as a starting object to define
curvature operators (cf. [129]). The notion of conformally Osserman has been defined analogously
using the Weyl conformal curvature tensor ifm ≥ 4 [33,37]; this notion is conformally invariant.Any
Riemannian conformally Osserman manifold is locally conformally equivalent to a rank 1 symmetric
space ifm �= 4, 16 [33, 210]. Furthermore, any Lorentzian conformally Osserman manifold is locally
conformally flat [37].

Some additional related references in both the algebraic and in the geometric context are given
by [9, 31, 34, 35, 36, 39, 40, 41, 58, 59, 124, 132, 133, 144, 138, 139, 153, 155, 158, 175, 242, 243, 244].

1.3 ALGEBRAIC PRELIMINARIES
In this section we define certain basic notions. Let V be a real vector space of dimension m. Let
{ei} be a basis for V . If A ∈ ⊗4V ∗, let Aijk� := A(ei, ej , ek, e�) be the components of A. Similarly,
if A ∈ V ∗ ⊗ V ∗ ⊗ End(V ), we shall expand A(ei, ej )ek = Aijk

�e� where we adopt the Einstein
convention and sum over repeated indices.

1.3.1 JORDAN NORMAL FORM
Let Aka be the Jordan block of size k × k for a real number a ∈ R:

Aka :=

⎛⎜⎜⎜⎜⎝
a 1 0 . . . 0 0
0 a 1 . . . 0 0
. . . . . . . . . . . . . . . . . .

0 0 0 . . . a 1
0 0 0 . . . 0 a

⎞⎟⎟⎟⎟⎠ .

Let λ := a + √−1b where b > 0. We set

Aλ :=
(

a b

−b a

)
and Id2 :=

(
1 0
0 1

)
.

We define a Jordan block of size 2k × 2k corresponding to the complex eigenvalue λ by setting

Akλ :=

⎛⎜⎜⎜⎜⎝
Aλ Id2 0 . . . 0 0
0 Aλ Id2 . . . 0 0
. . . . . . . . . . . . . . . . . .

0 0 0 . . . Aλ Id2

0 0 0 . . . 0 Aλ

⎞⎟⎟⎟⎟⎠ .
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The following is well known, see, for example, [6].

Lemma 1.1. Let T be a linear transformation of a real vector space V . Relative to a suitably chosen
basis for V , T decomposes as a direct sum of the Jordan blocks described above. Furthermore, the unordered
collection of Jordan blocks is uniquely determined by T .

The Jordan normal form of T is the unordered collection of Jordan blocks described above. We
say that two linear maps T and T̃ of V are Jordan equivalent if any of the following three equivalent
conditions are satisfied:

1. There exist bases B = {e1, . . . , em} and B̃ = {ẽ1, . . . , ẽm} for V so that the matrix represen-
tation of T with respect to the basis B is equal to the matrix representation of T̃ with respect
to the basis B̃.

2. There exists an isomorphism ψ of V so T = ψT̃ ψ−1; this means that T and T̃ are conjugate.

3. The Jordan normal forms of T and T̃ are equal.

We say that T is a nilpotent operator if T m = 0 or, equivalently, if 0 is the only eigenvalue of T .
We say that T �= 0 is nilpotent of order r ≥ 2 if T r = 0 but T r−1 �= 0; this means that the largest
Jordan block of T has size r .

Remark 1.2. If T is any linear transformation of V , there always exists a non-degenerate inner
product 〈·, ·〉 so that T is self-adjoint with respect to 〈·, ·〉, i.e., 〈T x, y〉 = 〈x, T y〉 for all x and y in
V . Thus, the condition that T is self-adjoint imposes no constraint on the Jordan normal form of T
in the indefinite setting [137].

1.3.2 INDEFINITE GEOMETRY
We fix a non-degenerate inner product 〈·, ·〉 on V ; we extend 〈·, ·〉 to an inner product on tensors of
all types. A vector v is said to be spacelike if 〈v, v〉 > 0, timelike if 〈v, v〉 < 0, and null if 〈v, v〉 = 0.
We say that a subspace W of V is spacelike (resp. timelike or resp. null) if 〈·, ·〉 is positive definite
onW (resp. negative definite on W or trivial onW ). A null subspace is also often called an isotropic
subspace or a degenerate subspace. The pseudo-spheres of unit timelike (−) and spacelike (+) vectors
are defined by setting

S± = S±(V , 〈·, ·〉) := {v ∈ V : 〈v, v〉 = ±1} . (1.1)

We can choose a basis {ei} for V so that

〈ei, ej 〉 =
{

0 i �= j ,

±1 i = j .
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Such a basis is called an orthonormal basis. We set εi := 〈ei, ei〉. Let p be the number of indices
i with εi = −1. Let q = dim V − p be the complementary index; q is the number of indices i
with εi = +1. The inner product is then said to have signature (p, q); the integers p and q are
independent of the particular orthonormal basis chosen. If {e1, . . . , ep+q} is the standard basis for
Euclidean space R

m, then we shall let R
(p,q) be R

m with the inner product given by:

〈ei, ej 〉 =
⎧⎨⎩

0 i �= j,

−1 i = j ≤ p,
1 i = j > p .

We can construct an isometry between V and R
(p,q) by choosing an orthonormal basis for V of the

form given above. However, it is often useful to work in a basis free setting with an abstract vector
space V rather than with the concrete realization R

(p,q). The elements of the general linear group
which preserve the inner product form a closed subgroup, called the orthogonal group, of GL(V ):

O(V, 〈·, ·〉) = {T ∈ GL(V ) : T ∗〈·, ·〉 = 〈·, ·〉} .

1.3.3 ALGEBRAIC CURVATURE TENSORS
We say that A ∈ ⊗4V ∗ is an algebraic curvature tensor if A has the symmetries of the Riemann
curvature tensor of the Levi-Civita connection (see Section 2.4.1):

A(x, y, z,w) = −A(y, x, z,w),
A(x, y, z, w) = A(z,w, x, y),

A(x, y, z, w)+ A(y, z, x,w)+ A(z, x, y,w) = 0 .

(1.2)

We will show presently in Theorem 2.4 that every algebraic curvature tensor is geometrically real-
izable; thus this is a convenient algebraic context in which to work.

Example 1.3. If φ ∈ S2(V ∗) and ψ ∈ �2(V ∗) are symmetric and anti-symmetric bilinear forms,
respectively, we may define algebraic curvature tensors by setting:

Aφ(x, y, z, w) := φ(x,w)φ(y, z)− φ(x, z)φ(y,w),
Aψ(x, y, z, w) := ψ(x,w)ψ(y, z)− ψ(x, z)ψ(y,w)

−2ψ(x, y)ψ(z,w) .
(1.3)

If � (resp.
) is a self-adjoint (resp. skew adjoint) linear map of V , we may define a corresponding
symmetric bilinear form φ (resp. alternating bilinear form ψ) by setting φ(x, y) := 〈�x, y〉 (resp.
ψ(x, y) := 〈
x, y〉) and thereby obtain an algebraic curvature tensor we shall denote by A� (resp.
A
 ). Note that A� = A−� and A
 = A−
 .

The tensor κA〈·,·〉 = κAId has constant sectional curvature κ as we shall see shortly; more
generally, if L is the second fundamental form of a hypersurface in flat space, then the tensor AL is
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the associated curvature tensor of the hypersurface. Thus, tensors of this sort arise geometrically. If
J is a Hermitian structure on (V , 〈·, ·〉), we define the associated Kaehler 2 form

�(x, y) := 〈x, Jy〉 ;
the tensor κ

4

(
A〈·,·〉 + A�

) = κ
4 {AId + AJ } has constant holomorphic sectional curvature κ (cf.

[140]). Thus, tensors of this kind also appear naturally in geometry as this is the curvature ten-
sor of the Fubini-Study metric.

One has the following result due to Fiedler [117] – see also [105, 137] for different treatments.

Theorem 1.4. Let �(V ) be the vector space of all algebraic curvature tensors. Then

�(V ) = Spanφ∈S2(V ∗){Aφ} = Spanψ∈�2(V ∗){Aψ } .

IfA ∈ �(V ) is an algebraic curvature tensor, then M := (V , 〈·, ·〉, A) is said to be a curvature
model.

1.3.4 HERMITIAN AND PARA-HERMITIAN GEOMETRY
We shall denote the complex numbers by C := SpanR{1,√−1} = R

2. This field is algebraically
closed. Similarly, let C̃ := SpanR{1, P } = R

2 (where P 2 = 1) be the para-complex numbers. This
algebra is not a field but it is closely related to C. Fix a non-degenerate inner product 〈·, ·〉 on V .
We say that J is a pseudo-Hermitian complex structure on V if J is a linear map of V with

J 2 = − Id and J ∗〈·, ·〉 = 〈·, ·〉 .
Pseudo-Hermitian structures exist if and only if p and q are both even. We give V the structure of
a complex vector space by setting

√−1 · v := Jv. Let U = U(V , 〈·, ·〉, J ) be the associated unitary
group:

U := {U ∈ GL(V ) : UJ = JU and U∗〈·, ·〉 = 〈·, ·〉} .
If A is an algebraic curvature tensor, the associated Hermitian curvature model is the quadruple
C := (V , 〈·, ·〉, J, A).

Similarly, a linear map J is said to be a para-Hermitian structure on V if

J 2 = Id and J ∗〈·, ·〉 = −〈·, ·〉 .
Such structures exist if and only if p = q so we are in the neutral signature setting. The associated
para-unitary group is given by

Ũ := {U ∈ GL(V ) : UJ = JU and U∗〈·, ·〉 = 〈·, ·〉} .
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If A is an algebraic curvature tensor, the associated para-Hermitian curvature model is the quadruple
C̃ := (V , 〈·, ·〉, J, A).

Let (V , 〈·, ·〉, J, A) be a Hermitian curvature model (resp. a para-Hermitian curvature model).
Let x be a non-null vector and π := Span{x, Jx} be the corresponding non-degenerate holomorphic
(resp. para-holomorphic) 2-plane. Let ε = +1 in the Hermitian setting and ε = −1 in the para-
Hermitian setting. The holomorphic sectional curvature (resp. para-holomorphic sectional curvature) is
defined to be

K(π) := εA(x, Jx, Jx, x)〈x, x〉−2 .

The model is said to have constant holomorphic sectional curvature (resp. constant para-holomorphic
sectional curvature) ifK(π) is constant for all non-degenerate holomorphic planes π .The following
curvature tensor has constant holomorphic (resp. para holomorphic) sectional curvature:

A := aAId + bAJ for a, b ∈ R .

There are two other algebras which will be important in our development. Let

H := SpanR{1, J1, J2, J3} = R
4

be the quaternions where the algebra structure is given by the Clifford commutation relations :

J 2
1 = J 2

2 = J 2
3 = − Id, J1J2 = −J2J1 = J3, J2J3 = −J3J2 = J1, J3J1 = −J1J3 = J2 .

This is a division algebra which is not commutative. We call {J1, J2, J3} a hyper-Hermitian structure
if we have the compatibility relations between {J1, J2, J3} and (V , 〈·, ·〉):

J ∗
1 〈·, ·〉 = J ∗

2 〈·, ·〉 = J ∗
3 〈·, ·〉 = 〈·, ·〉 .

Finally, we let the para-quaternions be defined by

H̃ := SpanR{1, J1, J2, J3} = R
4

where the algebra structure is given by the relations:

J 2
1 = − Id, J 2

2 = J 2
3 = Id,

J1J2 = −J2J1 = J3, J2J3 = −J3J2 = J1, J3J1 = −J1J3 = J2 .

This algebra is neither a division algebra nor is it commutative. Still it has many of the features
of H. We call {J1, J2, J3} a hyper-para-Hermitian structure if we have the following compatibility
relations:

J ∗
1 〈·, ·〉 = 〈·, ·〉 and J ∗

2 〈·, ·〉 = J ∗
3 〈·, ·〉 = −〈·, ·〉 .
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1.3.5 THE JACOBI AND SKEW SYMMETRIC CURVATURE OPERATORS
Let M := (V , 〈·, ·〉, A) be a curvature model. The associated Jacobi operator J = JM and skew
symmetric curvature operator A = AM are characterized, respectively, by the identities:

〈J (x)y, z〉 = A(y, x, x, z) and 〈A(x, y)z,w〉 = A(x, y, z,w) . (1.4)

The following is a useful observation:

Lemma 1.5. If k is odd, then Tr{A(x, y)k} = 0.

Proof. If k = 1, we use the curvature symmetries to see A(x, y, ei, ej ) = −A(x, y, ej , ei) so:

Tr{A(x, y)} =
∑
i

εiA(x, y, ei, ei) = 0 .

Similarly, if k = 3, we compute:

Tr{A(x, y)3} =
∑
i,j,k

εiεj εkA(x, y, ei, ej )A(x, y, ej , ek)A(x, y, ek, ei)

= −
∑
i,j,k

εiεj εkA(x, y, ej , ei)A(x, y, ek, ej )A(x, y, ei, ek)

= −
∑
i,j,k

εiεj εkA(x, y, ej , ei)A(x, y, ei, ek)A(x, y, ek, ej )

= − Tr{A(x, y)3}
so Tr{A(x, y)3} = 0. The proof for general odd k is similar and is therefore omitted. �

1.3.6 SECTIONAL, RICCI, SCALAR, AND WEYL CURVATURE
Let M := (V , 〈·, ·〉, A) be a curvature model.The sectional curvatureK = KM of a non-degenerate
oriented 2-plane π = Span{x, y} is given by setting:

K(π) = A(y, x, x, y)

〈x, x〉〈y, y〉 − 〈x, y〉2
. (1.5)

This is independent of the particular oriented basis which is chosen.

Remark 1.6. We adopt the notation of Example 1.3 to define A〈·,·〉 = AId. Suppose that one is
given a curvature model M := (V , 〈·, ·〉, A). Then KM(π) = κ for all π if and only if A = κA〈·,·〉;
these are the tensors of constant sectional curvature.

The Ricci tensor is the symmetric 2 tensor defined by setting:

ρ(x, y) := Tr{z → A(z, x)y}; ρ(x, x) = Tr{J (x)} . (1.6)
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By an abuse of notation, we shall also let ρ denote the Ricci operator characterized by the identity
〈ρx, y〉 = ρ(x, y). Let εij := 〈ei, ej 〉 be the components of the inner product; let εij denote the
inverse matrix.Then ρij := εk�Aik�j .The scalar curvature is defined by a final contraction of indices:

τ := εijρij = εij εk�Aik�j = Tr〈·,·〉{ρ} . (1.7)

We say that M is Einstein if there is a constant c so that ρ = c〈·, ·〉. The scalar curvature τ = mc in
this setting so ρ = τ

m
〈·, ·〉.

Let C = (V , 〈·, ·〉, J, A) be a pseudo-Hermitian curvature model. We define the Kaehler
form � ∈ �2(V ∗), the �-Ricci tensor ρ� ∈ ⊗2V ∗ and the �-scalar curvature τ � ∈ R by setting

�(x, y) := 〈x, Jy〉, ρ�ij := εk�A(ek, ei, J ej , J e�), τ � := εijρ�ij = Tr〈·,·〉{ρ�} . (1.8)

Similarly, if C̃ = (V , 〈·, ·〉, J, A) is a para-Hermitian curvature model, we define

�(x, y) := 〈x, Jy〉, ρ�ij := −εk�A(ek, ei, J ej , J e�), τ � := εijρ�ij = Tr〈·,·〉{ρ�} . (1.9)

Note that ρ is always a symmetric tensor field. However, ρ� need not be symmetric. We say that a
Hermitian model C or a para-Hermitian model C̃ is �-Einstein if ρ� = τ�

m
〈·, ·〉.

Let M be a curvature model. We define the associated Weyl conformal curvature tensor W and
the Schouten tensor C by setting:

W(x, y, z,w) := A(x, y, z,w)+ τ
(m−1)(m−2) {〈x,w〉〈y, z〉 − 〈x, z〉〈y,w〉} (1.10)

− 1
m−2 {〈x,w〉ρ(y, z)− ρ(x, z)〈y,w〉 + ρ(x,w)〈y, z〉 − 〈x, z〉ρ(y,w)} ,

C(x, y) := 1
m−2 {ρ(x, y)− τ

2(m−1) 〈x, y〉} . (1.11)

Note that these tensors are related by the fact that ρ = 0 if and only if C = 0, which occurs if and
only if A = W .

1.3.7 CURVATURE DECOMPOSITIONS
The Ricci tensor defines an O(V, 〈·, ·〉) equivariant short exact sequence:

0 → ker(ρ) → �(V ) → S2(V ∗) → 0

which is equivariantly split by the mapA → WA. The space of all Weyl conformal curvature tensors
is defined to be

ker(ρ) = SpanA∈�(V ){WA} .
Let S2

0(V
∗) be the set of trace free symmetric 2 tensors; S2(V ∗) = S2

0(V
∗)⊕ R · 〈·, ·〉. One has the

following result due to Singer and Thorpe [241]:

Theorem 1.7. We have an orthogonal direct sum decomposition of �(V ) into irreducible O(V, 〈·, ·〉)
modules �(V ) = ker(ρ)⊕ S2

0(V
∗)⊕ R.

Tricerri and Vanhecke [251] constructed a similar decomposition of �(V ) in the Hermitian
setting.Let 〈·, ·〉 be a positive definite inner product onV and let J be a Hermitian complex structure.
One may decompose V ∗ ⊗ V ∗ as the direct sum of 6 irreducible U modules:
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V ∗ ⊗ V ∗ = 〈·, ·〉 · R ⊕ S2
0,+(V ∗)⊕ S2−(V ∗)⊕� · R ⊕�2

0,+(V ∗)⊕�2−(V ∗) where

S2
0,+(V ∗) := {θ ∈ S2(V ∗) : J ∗θ = θ and θ ⊥ 〈·, ·〉},
S2−(V ∗) := {θ ∈ S2(V ∗) : J ∗θ = −θ},
�2

0,+(V ∗) := {θ ∈ �2(V ∗) : J ∗θ = θ and θ ⊥ �},
�2−(V ∗) := {θ ∈ �2(V ∗) : J ∗θ = −θ}.

Theorem 1.8. Let (〈·, ·〉, J ) be a Hermitian structure on V .

1. We have an orthogonal direct sum decomposition of �(V ) into irreducible U modules:

(a) If 2n = 4,�(V ) = W1 ⊕ W2 ⊕ W3 ⊕ W4 ⊕ W7 ⊕ W8 ⊕ W9.

(b) If 2n = 6,�(V ) = W1 ⊕ W2 ⊕ W3 ⊕ W4 ⊕ W5 ⊕ W7 ⊕ W8 ⊕ W9 ⊕ W10.

(c) If 2n ≥ 8,�(V ) = W1 ⊕ W2 ⊕ W3 ⊕ W4 ⊕ W5 ⊕ W6 ⊕ W7 ⊕ W8 ⊕ W9 ⊕ W10.

W1 ≈ W4 and, if 2n ≥ 6, W2 ≈ W5. The other U modules appear with multiplicity 1.

2. We have that:

(a) τ ⊕ τ � : W1 ⊕ W4 ≈ R ⊕ R.

(b) If 2n = 4, ρ0,+,S : W2 ≈ S2
0,+(V ∗).

(c) If 2n ≥ 6, ρ0,+,S ⊕ ρ�0,+,S : W2 ⊕ W5 ≈ S2
0,+(V ∗)⊕ S2

0,+(V ∗).
(d) W3 = {A ∈ �(V ) : A(x, y, z,w) = A(Jx, Jy, z,w) ∀x, y, z, w} ∩ ker(ρ).

(e) If 2n ≥ 8, W6 = ker(ρ ⊕ ρ�) ∩ {A ∈ �(V ) : J ∗A = A} ∩ W⊥
3 .

(f ) W7 = {A ∈ �(V ) : A(Jx, y, z,w) = A(x, y, J z,w) ∀x, y, z, w}.
(g) ρ−,S : W8 ≈ S2−(V ∗).
(h) ρ�−,� : W9 ≈ �2−(V ∗).
(i) If 2n ≥ 6, W10 = {A ∈ �(V ) : J ∗A = −A} ∩ ker(ρ ⊕ ρ�).

3. Letm = dim(V ) = 2n. The dimensions of these modules are given by:

m = 4 m = 6 m ≥ 8 m = 4 m = 6 m ≥ 8

W1 1 1 1 W2 3 8 n2 − 1

W3 5 27 n2(n−1)(n+3)
4 W4 1 1 1

W6 0 0 n2(n+1)(n−3)
4 W5 0 8 n2 − 1

W7 2 12 n2(n2−1)
6 W8 6 12 n2 + n

W10 0 30 2n2(n2−4)
3 W9 2 6 n2 − n
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Remark 1.9. There are other related curvature decompositions. The assumption that the inner
product is positive definite is an inessential one; there are pseudo-Hermitian curvature decomposi-
tions. With appropriate changes of sign, there is an analogous para-Hermitian curvature decompo-
sition [60]. Additionally, there is also a hyper-Hermitian curvature decomposition [96]. The factor
W7 plays a special role in the analysis; tensors in W⊥

7 are said to satisfy the Gray identity and are
geometrically realizable by Hermitian manifolds as we shall see subsequently in Section 2.5.

1.3.8 SELF-DUALITY AND ANTI-SELF-DUALITY CONDITIONS
If m = 4, ker(ρ) is not irreducible as an SO(V, 〈·, ·〉) module. We restrict to signature (2, 2) as the
analysis in other signatures is similar. Let � : �2(V ∗) → �2(V ∗) be the Hodge operator. If orn is
the oriented volume form, the Hodge operator is characterized by the identity:

〈ω1, ω2〉orn = ω1 ∧ �ω2

for ωi ∈ �2(V ∗). Since �2 = Id, we may decompose �2(V ∗) into the ±1 eigenspaces of �:

�2(V ∗) = �+(V ∗)⊕�−(V ∗) .

Let {e1, e2, e3, e4} be an orthonormal basis for V where e1 and e2 are spacelike while e3 and
e4 are timelike vectors. Set

E±
1 = 1√

2
{e1 ∧ e2 ± e3 ∧ e4}, E±

2 = 1√
2
{e1 ∧ e3 ± e2 ∧ e4},

E±
3 = 1√

2
{e1 ∧ e4 ∓ e2 ∧ e3}. (1.12)

Then {E±
1 E

±
2 , E

±
3 } is an orthonormal basis for �±. We also note that

〈E±
1 , E

±
1 〉 = 1, 〈E±

2 , E
±
2 〉 = −1, 〈E±

3 , E
±
3 〉 = −1 .

Let M be a curvature model. Since A(·, ·, ·, ·) is anti-symmetric in the first pair of indices
and in the second pair of indices, we may regard A : �2 ⊗�2 → R. A similar remark pertains to
the associated Weyl conformal curvature tensor defined in Equation (1.10). The Weyl operator W
induces operatorsW± : �± −→ �±. These operators have the following matrix form with respect
to the bases defined above:

W± =

⎛⎜⎜⎝
W±

11 W±
12 W±

13

−W±
12 −W±

22 −W±
23

−W±
13 −W±

23 −W±
33

⎞⎟⎟⎠ , (1.13)

whereW±
ij =W(E±

i , E
±
j ) andW(ei ∧ ej , ek ∧ e�) =W(ei, ej , ek, e�).

Definition 1.10. A curvature model M := (V , 〈·, ·〉, A) is called self-dual (resp. anti-self-dual ) if
W− = 0 (resp.W+ = 0).
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Let ρ0 denote the trace free Ricci tensor. We extend ρ0 and A to maps from �2(V ∗) to
�2(V ∗). We then have a decomposition

A = τ

12
Id�2 +ρ0 +

(
W+ 0

0 W−
)
. (1.14)

This decomposition will play a central role in our discussion of Osserman curvature models subse-
quently in Theorem 1.21.

1.4 SPECTRAL GEOMETRY OF THE
CURVATURE OPERATOR

In this section, we examine spectral properties of the curvature operator and various commutativity
properties. Throughout this section, we shall fix a curvature model M = (V , 〈·, ·〉, A).

If T is a linear transformation of V , the characteristic polynomial of T is:

pλ(T ) := det(T − λ Id) .

A complex number ν is said to be an eigenvalue of T or, equivalently, is said to be in the spectrum
of T if and only if pν(T ) = 0, i.e., if T − ν Id is not invertible or, equivalently, if T has a non-zero
complex eigenvector with eigenvalue ν. Let Spec{T } be the collection of complex eigenvalues of T
where each eigenvalue is repeated according to its multiplicity as a root of pλ(T ). The coefficients
of λ in pλ(T ) are the elementary symmetric functions of the eigenvalues. Let Mm(C) be the set of
m×m complex matrices. The following is well known:

Lemma 1.11. Let Ti ∈ Mm(C). The following conditions are equivalent:

1. Spec{T1} = Spec{T2}.

2. Tr{T i1 } = Tr{T i2 } for 1 ≤ i ≤ m.

3. pλ(T1) = pλ(T2).

The following is a useful observation which also is well known:

Lemma 1.12. Let p be a polynomial function on V . If p vanishes on an open subset O of V , then p
vanishes identically.
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1.4.1 OSSERMAN AND CONFORMALLY OSSERMAN MODELS
Let J (x) be the Jacobi operator which was introduced in Section 1.3.5. We say that the curvature
model M is a spacelike (resp. timelike) Osserman curvature model if the eigenvalues of J are constant
on the unit pseudo-spheres S± of unit spacelike (+) and unit timelike (−) vectors as defined in
Equation (1.1). One says M is a null Osserman curvature model if J (x) is a nilpotent operator for
every null vector x. The adjective “Osserman” is used following the seminal paper by Osserman
[218].

Assume M is a model of signature (p, q). The conditions spacelike Osserman and timelike
Osserman are equivalent if p > 0 and q > 0 so the pseudo-spheres S+ and S− are both non-empty
[129, 137]:

Theorem 1.13. Let M be a curvature model of signature (p, q) with p, q > 0.

1. The following conditions are equivalent and if either is satisfied, then M is said to be an Osserman
curvature model:

(a) M is a timelike Osserman curvature model.

(b) M is a spacelike Osserman curvature model.

(c) There exist constants ci so Tr{J (x)i} = ci〈x, x〉i for any x ∈ V , 1 ≤ i ≤ m.

2. If M is an Osserman curvature model, then M is null Osserman and Einstein.

Remark 1.14. One has that M is Einstein (1-stein) if Tr{J (x)} = c1〈x, x〉 for all x. More generally,
one says that M is k-stein if Tr{J (x)i} = ci〈x, x〉i for 1 ≤ i ≤ k and all x. One then has M is
Osserman if and only if M is m-stein. In the Lorentzian setting, a stronger result holds. One has
that a Lorentzian curvature model is Osserman if and only if it is 2-stein; we refer to [30] for details.

Remark 1.15. If M is Osserman, the characteristic polynomial has the form

pλ(J (x)) = a0 ± a1λ+ a2λ
2 ± a3λ

3 . . . for x ∈ S±

and suitably chosen coefficients ai . Thus, the eigenvalues of the Jacobi operator can be different on
S+ and S−, although, of course, they remain constant on each of S− and S+.

If the inner product is positive definite, then J (x) is necessarily diagonalizable and thus
the eigenvalue structure determines the Jordan normal form. This is not the case, however, in the
indefinite setting. A curvature model M is called Jordan Osserman if the Jordan normal form of the
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Jacobi operators is constant on the pseudo-spheres S±. Clearly, Jordan Osserman implies Osserman,
but the converse is not true in general as we shall see in Example 3.10.

The structure of a Jordan Osserman algebraic curvature tensor strongly depends on the sig-
nature (p, q) of the metric tensor. One has, for example, the result [142]:

Theorem 1.16. Let M = (V , 〈·, ·〉, A) be a curvature model. If p < q and if M is spacelike Jordan
Osserman, then J (x) is diagonalizable for x ∈ S+.

On the other hand, the Jordan normal form can be arbitrarily complicated in neutral signature
p = q. We refer to [141] for the following result:

Theorem 1.17. Let J0 ∈ M�(R). There exists ν = ν(�) and an algebraic curvature tensor A on R
(ν,ν)

so that J (x) is conjugate to ±J0 ⊕ 0 for x ∈ S±.

If M = (V , 〈·, ·〉, A) is a curvature model, then the associated Weyl tensor again satisfies the
symmetries of Equation (1.2). The conformal Jacobi operator JW is then defined byW . One says that
M is a conformally Osserman curvature model if (V , 〈·, ·〉,W) is an Osserman curvature model, i.e.,
if the eigenvalues of JW are constant on the pseudo-spheres S+ and S−.

1.4.2 OSSERMAN CURVATURE MODELS IN SIGNATURE (2, 2)
In Chapter 6 we shall pay special attention to the geometry of Walker manifolds in dimension 4,
focusing in particular on spectral properties of the Jacobi operator. We refer to [32, 130] for the
proof of the following classification result:

Theorem 1.18. Let M be a curvature model of signature (2, 2). Then M is Osserman if and only if one
of the following holds for every x ∈ S+:

1. Type Ia: the Jacobi operators are diagonalizable

J (x) =
⎛⎝ α 0 0

0 β 0
0 0 γ

⎞⎠ ,
which occurs if and only if there exists an orthonormal basis {e1, e2, e3, e4} forV where the non-zero
components of A are given by

A1221 = A4334 = α, A1331 = A4224 = −β,
A1441 = A3223 = −γ, A1234 = (−2α + β + γ )/3,
A1423 = (α + β − 2γ )/3, A1342 = (α − 2β + γ )/3.
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2. Type Ib: there is a complex eigenvalue for the Jacobi operators

J (x) =
⎛⎝ α β 0

−β α 0
0 0 γ

⎞⎠ ,
which occurs if and only if there exists an orthonormal basis {e1, e2, e3, e4} forV where the non-zero
components of A are given by

A1221 = A4334 = α, A1331 = A4224 = −α,
A1441 = A3223 = −γ, A2113 = A2443 = −β,
A1224 = A1334 = β, A1234 = (−α + γ )/3,
A1423 = 2(α − γ )/3, A1342 = (−α + γ )/3.

3. Type II: the Jacobi operators can be written in the form

J (x) =
⎛⎝ ±(α − 1

2 ) ± 1
2 0

∓ 1
2 ±(α + 1

2 ) 0
0 0 β

⎞⎠ ,
which occurs if and only if there exists an orthonormal basis {e1, e2, e3, e4} forV where the non-zero
components of A are given by

A1221 = A4334 = ±
(
α − 1

2

)
, A1331 = A4224 = ∓

(
α + 1

2

)
,

A1441 = A3223 = −β, A2113 = A2443 = ∓ 1
2 ,

A1224 = A1334 = ± 1
2 , A1234 =

(
±
(
−α + 3

2

)
+ β

)
/3,

A1423 = 2(±α − β)/3, A1342 =
(
±
(
−α − 3

2

)
+ β

)
/3.

4. Type III: the Jacobi operators can be written in the form

J (x) =
⎛⎜⎝ α 0

√
2

2

0 α
√

2
2

−
√

2
2

√
2

2 α

⎞⎟⎠ ,
which occurs if and only if there exists an orthonormal basis {e1, e2, e3, e4} forV where the non-zero
components of A are given by

A1221 = A4334 = α, A1331 = A4224 = −α, A1441 = A3223 = −α,

A2114 = A2334 = −√
2/2, A3114 = −A3224 = √

2/2,

A1223 = A1443 = A1332 = −A1442 = √
2/2.
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Remark 1.19. Types II and III correspond to the existence of a double and triple root for the
minimal polynomial of J (x), respectively. Type Ib corresponds to a complex root of the minimal
polynomial. Theorem 1.18 shows that the Jordan normal form completely characterizes a Jordan
Osserman curvature model of signature (2, 2) up to isomorphism. Furthermore, Osserman and
Jordan Osserman are equivalent concepts in signature (2, 2); this fails in signature (3, 3) or higher
as Example 3.10 illustrates.

We follow the discussion in [37] to give another description of Osserman curvature models of
signature (2, 2). Consider a hyper-para-Hermitian structure {J1, J2, J3} as defined in Section 1.3.4.
The hyper-para-Hermitian structure gives rise to three new natural operators: two skew adjoint 2-
step nilpotent operators given by �1 −�2 and �1 −�3 and one para-Hermitian structure (�2 −
�3)/

√
2. We adopt the notation established in Example 1.3. One obtains a complete description of

Osserman signature (2, 2) curvature models [37]:

Theorem 1.20. A curvature model M of signature (2, 2) is Osserman if and only if there exists a
hyper-para-Hermitian structure {J1, J2, J3} and constants λi, λij such that

A = λ0A〈·,·〉 +
∑
i

λiAJi +
∑
i<j

λij
(
AJi + AJj − AJi−Jj

)
.

In Section 1.3.8, we introduced the Hodge � operator and decomposed the Weyl conformal
curvature tensor in the form W = W+ ⊕W−. We have the following characterization [130]:

Theorem 1.21. Let M = (V , 〈·, ·〉, A) be an Einstein curvature model of signature (2, 2). Then M is
Osserman if and only if M is either self-dual or anti-self-dual.

Proof. Recall the decomposition of Equation (1.14) and the notation of Equation (1.12). We
also recall Equation (1.13). If A is an Osserman algebraic curvature tensor, then specialize the
orthonormal basis {ei} of Theorem 1.18 to get after a straightforward calculation thatW− vanishes
and moreover the Jordan normal form of the self-dual part of the Weyl tensor corresponds to the
Jordan normal form of the Jacobi operators J . A change of orientation on the basis would give the
analogous anti-self-dual result. Conversely, if A is assumed to be self-dual and ρA = 1

4τA〈·, ·〉, then
Equation (1.14) becomes

A = τA

12
Id�2 +

(
W+ 0

0 0

)
(1.15)

from where it follows that A is Osserman proceeding as in [8, 130, 157]. �
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1.4.3 IVANOV–PETROVA CURVATURE MODELS
Let (p, q) ∈ {(2, 0), (1, 1), (0, 2)}. Let Gr+(p,q) be the Grassmannian of oriented 2-planes of signa-

ture (p, q). Let Gr+2 = Gr(2,0)
.� Gr(1,1)

.� Gr(0,2) be the Grassmannian of oriented non-degenerate
2-planes. Let

O(2,0) := {(x, y) ∈ V ⊕ V : 〈x, x〉〈y, y〉 − 〈x, y〉2 > 0 and 〈x, x〉 < 0},
O(1,1) := {(x, y) ∈ V ⊕ V : 〈x, x〉〈y, y〉 − 〈x, y〉2 < 0},
O(0,2) := {(x, y) ∈ V ⊕ V : 〈x, x〉〈y, y〉 − 〈x, y〉2 > 0 and 〈x, x〉 > 0}.

Then π := Span{x, y} ∈ Gr+(p,q) if and only if (x, y) ∈ O(p,q). For such a π , we define the skew
symmetric curvature operator A(π) by setting

A(π) :=
∣∣∣〈x, x〉〈y, y〉 − 〈x, y〉2

∣∣∣−1/2
A(x, y) .

This operator is independent of the particular oriented basis {x, y} which is chosen. One says that
M is a spacelike, timelike or mixed Ivanov–Petrova curvature model if the eigenvalues of A(π) are
constant on the Grassmannian of all oriented non-degenerate 2-planes of the appropriate signature.
The notation is chosen owing to the seminal papers by Ivanov and Petrova [171, 172].Theorem 1.13
generalizes to this setting to yield the following result [137]:

Theorem 1.22. Let M be a curvature model of signature (p, q)withp, q ≥ 2.The following conditions
are equivalent and if any is satisfied, then M is said to be Ivanov–Petrova.

1. M is spacelike Ivanov–Petrova.

2. M is timelike Ivanov–Petrova.

3. M is mixed Ivanov–Petrova.

4. For 2i ≤ m, there exist constants ci so Tr{A(x, y)2i} = ci{〈x, x〉〈y, y〉 − 〈x, y〉2}i for all x,
y ∈ V .

Proof. Suppose that Assertions (1), (2), or (3) hold. Choose (p, q) appropriately; O(p,q) is then a
non-empty open subset of V ⊕ V . By Lemma 1.11, there exist constants ci so

Tr{A(x, y)2i} = ci{〈x, x〉〈y, y〉 − 〈x, y〉2}i on O(p,q) .

Lemma 1.12 then shows this equation holds on all of V ⊕ V which establishes Assertion (4).
Conversely, if Assertion (4) holds, then Tr{A(x, y)k} is constant on O(p,q) if k is even.By Lemma 1.5,
Tr{A(x, y)k} = 0 if k is odd. Consequently, Lemma 1.11 now implies Assertions (1), (2), and (3).
�
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We have the following useful Corollary:

Corollary 1.23. Let M be a curvature model of dimensionm.

1. If m = 3, then M is Ivanov–Petrova if and only if Tr{A(π)2} is constant on Gr+2 .

2. Ifm = 4, then M is Ivanov–Petrova if and only if
{

Tr{A(π)2}, det{A(π)}} are constant on Gr+2 .

1.4.4 OSSERMAN IVANOV–PETROVA CURVATURE MODELS
The work in this section is also due to Esteban Calviño-Louzao [75] and treats curvature models
of signature (2, 2). Curvature models of constant sectional curvature are Ivanov–Petrova, but there
are Ivanov–Petrova curvature models that do not have constant sectional curvature; Riemannian
Ivanov–Petrova curvature models are completely classified in the Riemannian setting in dimensions
m ≥ 4 [137, 145, 159].The situation is more complicated in neutral signature, as shown in Theorem
1.24 below. We recall the definitions of a para-Hermitian structure and of a hyper-para-Hermitian
structure given in Section 1.3.4. Adopt the notation of Example 1.3.

Theorem 1.24. Let M = (V , 〈·, ·〉, A) be a curvature model of signature (2, 2). Then M is both
Osserman and Ivanov–Petrova if and only if one of the following holds:

1. A = κA〈·,·〉 for some constant κ .

2. There exists a pseudo-Hermitian structure J on M so A = κ(A〈·,·〉 − 1
2AJ ) for some κ �= 0.

3. There exists a para-Hermitian structure J on M so A = κ(A〈·,·〉 + 1
2AJ ) for some κ �= 0.

4. There exists a hyper-para-Hermitian structure {J1, J2, J3} on M soA = κAJ1+J2 for some κ �= 0.

In this setting, the Jacobi operator is diagonalizable if and only if Case (4) does not pertain.

Curvature models of the form given by Case (2) above were previously reported in [172] in
the Riemannian setting and in [264] for the signature (2, 2) setting (see also [137]).

Remark 1.25. In Cases (1)-(3),M is Jordan Osserman and Jordan Ivanov–Petrova,while in Case (4)
M is Jordan Osserman and spacelike and timelike Jordan Ivanov–Petrova, but not mixed Jordan
Ivanov–Petrova. If a curvature model M is Jordan Ivanov-Petrova, the skew symmetric curvature
operator has constant rank r on the set of non-degenerate 2-planes. If M has constant sectional
curvature, then r = 2. Otherwise, in Cases (2) and (3), r = 4. With respect to algebraic curvature
tensors given by Case (4), they have 2-step nilpotent Jacobi operators and their skew symmetric
curvature operators have constant rank 2 for oriented non-degenerate spacelike or timelike 2-planes,
but rank changes from 0 to 2 for oriented non-degenerate mixed 2-planes.
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We shall now analyze the Ivanov–Petrova condition for Osserman algebraic curvature tensors
which have non-diagonalizable Jacobi operators. The following is a direct consequence of Theorem
1.24 and Remark 1.25:

Corollary 1.26. Let M be a curvature model of signature (2, 2). Then M is Osserman and Ivanov–
Petrova with non-diagonalizable Jacobi operator if and only if the Jacobi operator is a 2-step nilpotent
operator.

1.4.5 COMMUTING CURVATURE MODELS

Definition 1.27. Let M = (V , 〈·, ·〉, A) be a curvature model. Then M is said to be

1. A curvature–curvature commuting model if A(x, y)A(z, w) = A(z, w)A(x, y) ∀x, y, z, w.

2. A curvature–Jacobi commuting model if J (x)A(y, z) = A(y, z)J (x) ∀x, y, z.
3. A curvature–Ricci commuting model if A(x, y)ρ = ρA(x, y) ∀x, y.

4. A Jacobi–Jacobi commuting model if J (x)J (y) = J (y)J (x) ∀x, y.

5. A Jacobi–Ricci commuting model if J (x)ρ = ρJ (x) ∀x.

Curvature–Ricci commuting curvature models are also known in the literature as Ricci semi-
symmetric curvature models [1].The conditions in Definition 1.27 have also been described elsewhere
in the literature as “skew–Tsankov”, as “mixed–Tsankov”, as “skew–Videv”, as “Jacobi–Tsankov”,
and as “Jacobi–Videv”, respectively, and the general field of investigation of such conditions is often
referred to as Stanilov–Tsankov–Videv theory [48].We have chosen to change the notation from that
employed previously to put these conditions in parallel as much as possible. One has the following
result [150]:

Theorem 1.28. Let M be a curvature model.

1. The following assertions are equivalent:

(a) M is a Jacobi–Ricci commuting model.

(b) M is a curvature–Ricci commuting model.

(c) A(ρx, y, z,w) = A(x, ρy, z,w) = A(x, y, ρz,w) = A(x, y, z, ρw) ∀x, y, z, w.

2. The following assertions are equivalent:

(a) M is a curvature–Jacobi commuting model.

(b) M is a Jacobi–Jacobi commuting model.
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Clearly, any Einstein metric is curvature–Ricci commuting but there are many other non-
trivial examples [50]. The notion of curvature-Ricci commuting is a generalization of the semi-
symmetric condition (see [1] and the references therein). Semi-symmetric manifolds of conullity
two are curvature–curvature commuting [38, 54]. Besides the progress made [150, 152], as far as we
know a complete description of curvature–Ricci commuting manifolds is not yet available.

In the Lorentzian category, Jacobi–Jacobi commuting (or equivalently curvature–Jacobi com-
muting) curvature models are necessarily flat [53, 150]. However, the geometrical significance of
the curvature–curvature commuting condition is not yet well-understood although some progresses
have been made in the Riemannian setting [54].

Example 1.29. Let M0 := (V0, 〈·, ·〉, A0) be a Riemannian Einstein curvature model. Let {ei} be
an orthonormal basis for V0. Let V1 = V +

0 ⊕ V −
0 be two copies of V0 with bases {e+i , e−i }. Let

M1 := (V1, 〈·, ·〉, A1) where

〈e+i , e+i 〉 = 1, 〈e−i , e−i 〉 = −1,

A1(e
−
i , e

+
j , e

+
k , e

+
� ) = A1(e

+
i , e

−
j , e

+
k , e

+
� ) = A1(e

+
i , e

+
j , e

−
k , e

+
� )

= A1(e
+
i , e

+
j , e

+
k , e

−
� ) = A0(ei, ej , ek, e�),

A1(e
+
i , e

−
j , e

−
k , e

−
� ) = A1(e

−
i , e

+
j , e

−
k , e

−
� ) = A1(e

−
i , e

−
j , e

+
k , e

−
� )

= A1(e
−
i , e

−
j , e

−
k , e

+
� ) = −A0(ei, ej , ek, e�).

Then M1 is Jacobi–Ricci commuting and ρ2 is a negative multiple of Id. We refer to [150] for further
details. Examples of this type can also be realized geometrically – see the discussion in Section 6.5.4;
this condition is closely related to the decomposition factor W7 of Theorem 1.8.
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C H A P T E R 2

Basic Geometrical Notions
2.1 INTRODUCTION

In this Chapter, we turn our attention to geometric structures. We begin in Section 2.2 with a bit of
history relating the study of pseudo-Riemannian manifolds to mathematical physics.

Section 2.3 is an introduction to the theory of smooth manifolds. We discuss the tangent
bundle and the Lie bracket. We define the flow of a smooth vector field and the Lie derivative. The
Lie algebra of a Lie group is presented and the unit sphere in the quaternions is given as an example.
We treat the geometry of the cotangent bundle, canonical coordinates, and symplectic forms.Torsion
free connections, the curvature operator, the Jacobi operator, and the Ricci tensor are introduced.
The Weyl projective operator is defined and various geometric realizability theorems are presented.
Geodesics and parallel transport are defined and as is the holonomy group.

Section 2.4 deals with pseudo-Riemannian geometry. The Levi-Civita connection, the
Christoffel symbols of the first and second kind, the Weyl conformal curvature tensor, and the-
orems of geometric realizability are discussed. We make contact with notions of Section 1.4 and
introduce associated operators in the geometric setting. Weyl scalar invariants and null distributions
are presented as are results concerning pseudo-Riemannian holonomy.

Section 2.5 involves additional geometric structures.We discuss pseudo-Hermitian structures,
para-Hermitian structures, and the Gray identity. We also present additional geometric realization
theorems. Homogeneous and symmetric spaces, as well as curvature homogeneity are treated.

2.2 HISTORY

Riemannian, pseudo-Riemannian, and affine geometry are central areas of mathematics – see, for
example the following basic references [26, 78, 182, 191, 196, 215, 231, 239]. Although Riemannian
geometry is the most prevalent, in addition to their purely intrinsic interest, pseudo-Riemannian
manifolds appear in mathematical physics. Lorentzian geometry is, of course, intimately linked with
general relativity. There are, however, higher signature applications. They play a role in general
relativity [47, 119], they are important in string theory [22, 82, 176, 195, 216], and they also are
important in braneworld cosmology [230].

2.3 BASIC MANIFOLD THEORY

Let x = (x1, . . . , xm) be a system of local coordinates on a smooth manifoldM of dimensionm.The
collection {∂x1, . . . , ∂xm} is the coordinate frame for the tangent bundle TM where we set ∂xi := ∂

∂xi
.

Similarly, the collection {dx1, . . . , dxm} is the coordinate frame for the cotangent bundle T ∗M . If
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h ∈ C∞(M) is a smooth function, let

hi1...ir := ∂rh

∂xi1 . . . ∂xir
.

A foliation of dimension k on M is a collection of submanifolds F (leaves) which are disjoint,
connected and immersed inM . Moreover, the union of the elements of F isM and for every P ∈ M
there is a chart whose intersection with each leaf is either the empty set or a countable union of k
dimensional slices with xk+1 = κk+1, . . . , xm = κm, where κk+1, . . . , κm are constants.

We say that M is simply connected if M is connected and if the fundamental group of M is
trivial, i.e., every closed curve inM is contractible to a point.

2.3.1 THE TANGENT BUNDLE, LIE BRACKET, AND LIE GROUPS
Let X, Y ∈ C∞(TM) be smooth vector fields on M . The Lie bracket of X and Y is the vector field
characterized by the identity:

([X, Y ])f = (XY − YX)f ∀ f ∈ C∞(M) .

As mixed partial derivatives commute, [∂xi , ∂xj ] = 0. Expand X = ∑
i ai∂xi and Y = ∑

j bj ∂xj .
We then have that:

[X, Y ] =
∑
i,j

{
ai∂xi bj − bi∂xi aj

}
∂xj .

It is immediate from the definition that the Lie bracket [·, ·] is skew symmetric and that it satisfies
the Jacobi identity:

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0 . (2.1)

More generally, a vector space g is said to be a Lie algebra if there is a bilinear map [·, ·] from g × g

to g such that [X, Y ] = −[Y,X] and so that Equation (2.1) is satisfied. It is then immediate that
the Lie bracket gives C∞(TM) the structure of a Lie algebra.

Let X be a smooth vector field on M and let C be a compact subset of M . The flow defined
by X is a smooth map

� : C × [0, ε] → M

defined for some ε = ε(C,X) > 0 which is characterized by the properties:

�(x, 0) = x, �(�(x, t), s) = �(x, t + s), ∂t�(x, t) = X(�(x, t)) .

Let ξ be a tensor field onM . We use the flow� to pull back ξ to define a new tensor field�∗(ξ)(t).
The Lie derivative is then defined by

LXξ := lim
t→0

�∗(ξ)(t)− ξ
t

.



2.3. BASIC MANIFOLD THEORY 23

If X �= 0, choose coordinates locally so that X = ∂x1 . If Y = ∑
i ai∂xi and if ω = ∑

j bj dxj ,

LXY =
∑
i

X(ai)∂xi and LXω =
∑
j

X(bj )dxj .

A Lie group G is a smooth manifold that is also a group with smooth group operations; that
is, the multiplication and the inverse maps are both smooth. The identity element of G is denoted
by e. If a ∈ G, define left multiplication La and right multiplication Ra , respectively, by setting:

La : g → ag and Ra : g → ga .

The maps La and Ra are diffeomorphisms of G for any a ∈ G. A vector field X ∈ C∞(T G) is
said to be left invariant (resp. right invariant) if L∗

aX = X (resp.R∗
aX = X) for all a ∈ G. Let g be

the vector space of all left invariant vector fields on G. The map X → X(e) identifies g with TeG.
Since the Lie bracket of two left invariant vector fields is again left invariant, g inherits the structure
of a Lie algebra; the essence of Lie theory is to relate geometric and topological properties of the
group G to algebraic properties of g. Every Lie group G admits non-trivial smooth left invariant
measures and right invariant measures; we say that G is unimodular if G admits non-trivial smooth
bi-invariant measures.

The adjoint map ad is defined by adX(Y ) = [X, Y ]. The Cartan-Killing form is

ω(X, Y ) := Tr{adX adY } .
An example is perhaps helpful at this stage. Let S3 be the sphere of unit quaternions;

S3 = {x0 + ix1 + jx2 + kx3 : x2
0 + x2

1 + x2
2 + x2

3 = 1} .
Quaternion multiplication gives this the structure of a group. Let g := SpanR{i, j, k} be the purely
imaginary quaternions. If ξ ∈ g, let Xξ(x) := x · ξ . Since x ⊥ Xξ(x), this is a tangent vector to S3.
Since left and right quaternion multiplication commute, the vector field Xξ is left invariant and the
map ξ → Xξ identifies g with the Lie algebra of S3. We compute that

[Xi,Xj ] = −2Xk, [Xj ,Xk] = −2Xi, [Xk,Xi] = −2Xj .

It is now an easy matter to see that

ω(Xi,Xi) = ω(Xj ,Xj ) = ω(Xk,Xk) = −4

while ω(Xi,Xj ) = ω(Xi,Xk) = ω(Xj ,Xk) = 0. Thus, the Cartan-Killing form is negative defi-
nite in this instance.

2.3.2 THE COTANGENT BUNDLE AND SYMPLECTIC GEOMETRY
Let M be a smooth manifold of even dimension m = 2n. Let T ∗M be the cotangent bundle. Let
�p(T ∗M) be the bundle of alternating p forms and let Sp(T ∗M) be the bundle of symmetric p
forms. The case p = 2 is of particular importance; we may decompose

T ∗M ⊗ T ∗M = �2(T ∗M)⊕ S2(T ∗M) .
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If ξ, η ∈ T ∗M , we define the wedge product “∧" and the symmetric product “◦” by setting

ξ ∧ η := 1
2 (ξ ⊗ η − η ⊗ ξ) ∈ �2(T ∗M),

ξ ◦ η := 1
2 (ξ ⊗ η + η ⊗ ξ) ∈ S2(T ∗M) .

(2.2)

Let � ∈ �2(T ∗M). We say that � gives a symplectic structure toM if �n �= 0.
Let (x1, . . . , xm) be a system of local coordinates on M . If ω ∈ T ∗M , we may expand

ω = xi′dxi where we sum over repeated indices; the (x1′, . . . , xm′) are the dual fiber coordinates
and the collection of 2m functions (x1, . . . , xm, x1′, . . . , xm′) are the canonical coordinates on T ∗M .
There is a canonical symplectic structure on the cotangent bundle:

Lemma 2.1. Let� := ∑
i dxi ∧ dxi′ .This 2 form is independent of the coordinate system (x1, . . . , xm)

and is called the canonical symplectic form.

Proof. Let (y1, . . . , ym) be another system of local coordinates. We may expand:

dyi =
∑
j

∂xj yi · dxj .

Let ω ∈ T ∗M . Expand ω =
∑
i

yi′dyi =
∑
i,j

yi′∂xj yi · dxj . This shows xj ′ =
∑
i

yi′∂xj yi . Thus:

∑
j

dxj ∧ dxj ′ =
∑
i,j,k

yi′∂xj ∂xkyi · dxj ∧ dxk +
∑
i,j

∂xj yi · dxj ∧ dyi′ =
∑
i

dyi ∧ dyi′ .
�

If � is a closed symplectic form on M , then there are local coordinates so

� = dx1 ∧ dy1 + · · · + dxn ∧ dyn .
Thus, the local geometry is canonical and a model can be taken to be T ∗(Rn) where 2n = m.

For each vector field X onM , define a function ιX : T ∗M → R by

ιX(P, ω) = ω(XP ) .

We may expand X = Xi∂xi . We then have that this tautological function is given by

ιX(xi, xi′) =
∑
i

xi′X
i .

Let Ỹ , Z̃ ∈ C∞(T (T ∗M)) be smooth vector fields on T ∗M . Then

Ỹ = Z̃ ⇔ Ỹ (ιX) = Z̃(ιX) for all X ∈ C∞(TM) .
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The complete lift XC is characterized by the identity

XC(ιZ) = ι[X,Z] for all Z ∈ C∞(TM) . (2.3)

A (0, s) tensor field on T ∗M is characterized by its evaluation on complete lifts of vector fields on
M because

T(P,ω)(T
∗M) = {XCP,ω : X ∈ C∞(TM)} .

Let T ∈ C∞(End(TM)) be an endomorphism of the tangent bundle of M . We define a 1 form
ιT ∈ C∞(T ∗(T ∗M)) which is characterized by the identity

ιT (XC) = ι(T X) .

2.3.3 CONNECTIONS, CURVATURE, GEODESICS, AND HOLONOMY
Let D be a connection on M ; D : C∞(TM) → C∞(T ∗M ⊗ TM) is a linear first order partial
differential operator which satisfies the Leibnitz rule

D(fX) = df ⊗X + fDX .

We letDXY = (X,DY)where (·, ·) indicates the natural pairing TM ⊗ T ∗M ⊗ TM → TM given
by evaluation on the first factor. We say thatD is a torsion free connection if the torsion tensor T = TD
vanishes where

T (X, Y ) := DXY −DYX − [X, Y ] .
The curvature operator R = RD is defined by the formula

R(X, Y )Z := (DXDY −DYDX −D[X,Y ])Z .

One computes easily that if f ∈ C∞(M):

R(fX, Y )Z = R(X, f Y )Z = R(X, Y )fZ = fR(X, Y )Z .

Thus, R(X, Y )Z at a point P only depends on X(P ), Y (P ), and Z(P ); thus R is a tensor

R ∈ T ∗M ⊗ T ∗M ⊗ End(TM) .

We shall assume that D a is torsion free connection henceforth and let (M,D) denote the
corresponding affine manifold . We then have the symmetries:

R(X, Y ) = −R(Y,X), (2.4)
R(X, Y )Z + R(Y, Z)X + R(Z,X)Y = 0 . (2.5)

Equation (2.4) is often called a Z2 symmetry while Equation (2.5) is the first Bianchi identity.
It is convenient to work in a purely algebraic setting. LetV be a finite dimensional vector space.

We say that A ∈ V ∗ ⊗ V ∗ ⊗ End(V ) is a generalized curvature operator if A has the symmetries of
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Equations (2.4) and (2.5) above. We say that such an A is geometrically realizable if there exists a
point P of an affine manifold (M,D) and if there exists an isomorphism φ : TPM → V so that
φ∗A = RP . The following result shows that Equations (2.4) and (2.5) generate all the universal
symmetries of the curvature operators of torsion free connections; we refer to [151] for further
details:

Theorem 2.2. Every generalized curvature operator is geometrically realizable.

The associated Ricci tensor ρ = ρD is defined by

ρ(X, Y ) := Tr{Z → RD(Z,X)Y } .

Note that in this setting, ρD need not be symmetric. The corresponding Jacobi operator J = JD is
defined by

J (X) : Z → R(Z,X)X .

Let F(V ) ⊂ V ∗ ⊗ V ∗ ⊗ End(V ) be the vector space of all generalized curvature operators.
The Ricci tensor defines a short exact sequence

0 → ker(ρ) → F(V ) → V ∗ ⊗ V ∗ → 0 .

Let ρa and ρs be the components in �2(V ∗) and S2(V ∗), respectively, where

ρa(x, y) := 1
2 {ρ(x, y)− ρ(y, x)} and ρs(x, y) := 1

2 {ρ(x, y)+ ρ(y, x)} .

The map ρ is equivariantly split by the map σ where

{σρa}(x, y)z = −1
1+m {2ρa(x, y)z+ ρa(x, z)y − ρa(y, z)x},

{σρs}(x, y)z = 1
1−m {ρs(x, z)y − ρs(y, z)x} .

We may then define the Weyl projective curvature operator

PA(x, y)z := A(x, y)z− σρ ∈ ker ρ .

Theorem 2.3. We have a decomposition of F(V ) into irreducible GL(V ) modules:

F(V ) = ker(ρ)⊕ S2(V ∗)⊕�2(V ∗) .
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There are 8 natural geometric realization questions which arise in this context and whose
realizability [154] may be summarized in the following table – the possibly non-zero components
being indicated by �:

ker(ρ) S2(V∗) �2(V∗) ker(ρ) S2(V∗) �2(V∗)
� � � yes 0 � � yes
� � 0 yes 0 � 0 yes
� 0 � yes 0 0 � no
� 0 0 yes 0 0 0 yes

Thus, for example, if the generalized curvature operator A is projectively flat (i.e., PA = 0) and
Ricci symmetric (i.e., ρ ∈ S2(V ∗)), then A can be geometrically realized by a projectively flat Ricci
symmetric torsion free connection . But if A �= 0 is projectively flat and Ricci antisymmetric, then A
can not be geometrically realized by a projectively flat Ricci anti-symmetric torsion free connection.

Let (M,D) be an affine manifold. We say that a curve γ (t) is an affine geodesic if the geodesic
equation is satisfied:

Dγ̇ γ̇ = 0 .

Given a point P ∈ M , and an initial direction X ∈ TPM , there is a unique curve γ with γ (0) = P

and γ̇ (0) = X which satisfies the geodesic equation; γ need not be defined for all t ∈ R but γ does
exist on a maximal interval [0, T ) for some T > 0. We say that (M,D) is geodesically complete if all
geodesics exist for all time.

If γ : [a, b] → M is a smooth curve and if X ∈ Tγ (a)M is given, then the parallel transport
of X along γ is given by solving the following equation

∇γ (t)X(t) = 0 .

Let γ (a) = γ (b) = P be the basepoint of the manifold. The map X(a) → X(b) given by parallel
translation around γ defines an invertible linear map Lγ : TPM → TPM . The set of all such linear
maps forms a group called the holonomy group of the connection and is denoted by HD ; the holonomy
groups corresponding to different points in a connected manifold are all isomorphic and thus the
role of the basepointP is usually suppressed.The holonomy group is a closed subgroup of GL(TPM)
and therefore is a Lie group.

2.4 PSEUDO-RIEMANNIAN GEOMETRY
Let M := (M, g) be a pseudo-Riemannian manifold.Here g is a symmetric non-degenerate smooth
bilinear form on TM of signature (p, q) where p + q = m. We say that M is Riemannian if p = 0,
i.e., if g is positive definite, that M is Lorentzian if p = 1, and that M has neutral signature if p = q.

Let “◦” be the symmetric product defined in Equation (2.2). If (x1, . . . , xm) is a system of
local coordinates on M , we may express

g =
∑
i,j

gij dxi ◦ dxj where gij := g(∂xi , ∂xj ) .
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The pseudo-Riemannian element of volume is then given by

| dvol | = √| det(gij )|dx1 . . . dxm .

2.4.1 THE LEVI-CIVITA CONNECTION
The associated Levi-Civita connection ∇ = ∇g is a connection on TM which is characterized by the
following two properties:

(1) ∇ is torsion free, i.e., ∇XY − ∇YX = [X, Y ].
(2) ∇ is Riemannian, i.e., g(∇X, Y )+ g(X,∇Y ) = dg(X, Y ).

Suppose g is a Riemannian metric, i.e., g is positive definite. The length of a curve γ is given
by:

L(γ ) =
∫ √

g(γ̇ , γ̇ )(t)dt .

The distance between two points P,Q ∈ M is then defined to be

dg(P,Q) := infγ :γ (a)=P,γ (b)=Q L(γ ) .

One can show that this is in fact a true distance function; the topology defined by dg and the original
topology onM coincide. Geodesics locally minimize distance; conversely, if γ is a curve minimizing
distance between points on γ , then up to a reparametrization, γ is a geodesic. In the pseudo-
Riemannian setting where g is indefinite, there can be null curves and the connection between
distance minimization and geodesy is lost.

We adopt the notation of Section 2.3.3. Let M be a pseudo-Riemannian manifold. We say
that M exhibits Ricci blowup if there exists a geodesic γ defined for t ∈ [0, T ) with T < ∞ and if
limt→T |ρ(γ̇ , γ̇ )| = ∞ where ρ is the Ricci tensor. Clearly, if M exhibits Ricci blowup, then it is
geodesically incomplete and it can not be isometrically embedded as an open subset of a geodesically
complete manifold.

We expand
∇∂xi ∂xj = �ij

k∂xk

to define the Christoffel symbols of the first kind; ∇ is completely determined by these symbols. Let
gij := g(∂xi , ∂xj ) and let gij be the inverse matrix. We use the metric to lower indices to define the
Christoffel symbols of the second kind

�ijk = gk��ij
� = g(∇∂xi ∂xj , ∂xk ) = 1

2 {∂xi gjk + ∂xj gik − ∂xkgij } .

Let R be the curvature operator defined by ∇; we use the metric tensor to lower indices and define
a corresponding curvature tensor R ∈ ⊗4(T ∗

PM) by setting:

R(x, y, z,w) = g(R(x, y)z,w) .



2.4. PSEUDO-RIEMANNIAN GEOMETRY 29

We then have that R satisfies the symmetries of Equation (1.2). Thus, we may define a curvature
model by setting

MP (M) := (TPM, gP ,RP ) .

Additionally, the Riemann curvature tensor also satisfies the second Bianchi identity,

(∇XR)(Y, Z,U, T )+ (∇YR)(Z,X,U, T )+ (∇ZR)(X, Y,U, T ) = 0.

We say that a curvature model M = (V , 〈·, ·〉, A) is geometrically realizable if there is a point
P of a pseudo-Riemannian manifold M and an isomorphism φ : TPM → V so that φ∗〈·, ·〉 = gP

and φ∗A = RP . The following result shows every curvature model is geometrically realizable; in
particular, the symmetries of Equation (1.2) generate the universal symmetries of the curvature
tensor of the Levi-Civita connection.

Theorem 2.4. Let M be a curvature model. There exists a pseudo-Riemannian manifold M, a point
P ∈ M , and an isomorphism φ from TPM to V so that MP (M) = φ∗M.

Proof. Let {ei} be a basis for V . Let Aijk� := A(ei, ej , ek, e�) and set

gik := 〈ei, ek〉 − 1
3Aij�kx

jx� .

The symmetry gik = gki is immediate. As gik(0) = 〈ei, ek〉, g is non-degenerate at the origin so g
is a non-degenerate pseudo-Riemannian metric on some neighborhood of the origin.

�ijk := g(∇∂xi ∂xj , ∂xk ) = 1
2 (∂xi gjk + ∂xj gik − ∂xkgij ) = O(|x|),

Rijk�(0) = {∂xi�jk� − ∂xj �ik�}(0)
= 1

2 {∂xi ∂xkgj� + ∂xj ∂x�gik − ∂xi ∂x�gjk − ∂xj ∂xkgi�}(0)
= 1

6 {−Ajik� − Ajki� − Aij�k − Ai�jk + Aji�k + Aj�ik + Aijk� + Aikj�}
= 1

6 {4Aijk� − 2Ai�jk − 2Aik�j } = Aijk�. �

2.4.2 ASSOCIATED NATURAL OPERATORS
The Jacobi operator, the skew symmetric curvature operator, the sectional curvature, the Ricci
operator, the scalar curvature, the Weyl tensor, and the Schouten tensor extend to the geometric
setting from the corresponding Equations (1.4), (1.5), (1.6), (1.7), (1.10), and (1.11).

We extend the properties discussed in Section 1.4 by using the curvature model MP (M).
There is a slight fuss about local versus global properties. Thus, for example, we shall say that M is
Osserman if the eigenvalues of the Jacobi operator are constant on the unit pseudo-sphere bundles
S±(M) and that M is pointwise Osserman if the eigenvalues of the Jacobi operator are constant on
the pseudo-spheres S±

P (M) for each point P inM but may vary, in principle, from point to point.
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The Weyl conformal curvature tensor is a conformal invariant. One says (M, g) and (M, g̃)
are conformally equivalent if g = e2f g̃ for f ∈ C∞(M). In this setting, we have

Wg(x, y, z, w) = e2fWg̃(x, y, z, w) .

In particular, (M, g) is conformally Osserman if and only if (M, g̃) is conformally Osserman. A
manifold is conformally flat if and only if locally the metric tensor has the form

ds2 = e2φ(−dx2
1 − · · · − dx2

p + dx2
p+1 + · · · + dx2

m) .

The Schouten tensor defined in Equation (1.11) is Codazzi for every conformally flat pseudo-
Riemannian manifold. Moreover, this is a sufficient condition for a 3 dimensional manifold to be
conformally flat. For m ≥ 4, an m dimensional manifold is locally conformally flat if and only if
W = 0.

One has the following geometric realizability result [56]:

Theorem 2.5. If M is a conformally flat curvature model, then M is geometrically realizable by a
conformally flat manifold of constant scalar curvature.

There is a natural operator that we shall be using throughout the book which has no algebraic
analogue in Chapter 1. We define the Szabó operator as

S(X)Y := (∇XJ )(X)Y = (∇XR)(Y,X)X,

for any vector fields X and Y .

2.4.3 WEYL SCALAR INVARIANTS
Let ∇kRi1,...,i4;j1,...,jk be the components of the kth covariant derivative of the curvature operator
defined by the Levi-Civita connection. Scalar invariants of the metric can be formed by using the
metric tensors gij and gij to fully contract all indices. For example, the scalar curvature τ , the norm
of the Ricci tensor |ρ|2, and the norm of the full curvature tensor |R|2 are scalar invariants which are
given by:

τ := gijRkij
k,

|ρ|2 := gi1j1gi2j2Rki1i2
kR�j1j2

�, and
|R|2 := gi1j1gi2j2gi3j3gi4j4Ri1i2i3

i4Rj1j2j3
j4 .

Such invariants are called Weyl invariants; if all possible such invariants vanish, then M is said
to be VSI (vanishing scalar invariants). Let {x1, . . . , xn, y1, . . . , yn} be coordinates on R

2n. Let
φij (x) = φji(x) be a symmetric 2 tensor on R

n. We adopt the notation of Section 3.5 and consider
a plane wave manifold which is a twisted Riemannian extension of the form:

g := 2dxi ◦ dyi + φij (x)dxi ◦ dxj .
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We refer to [148] for further details concerning plane wave manifolds. In Theorem 3.9, we will show
that this manifold has vanishing scalar invariants and that it is not flat for generic φ as the (possibly)
non-zero components of the curvature tensor are:

R(∂xi , ∂xj , ∂xk , ∂x�) = 1
2 {∂xi ∂xkφj� + ∂xj ∂x�φik − ∂xi ∂x�φjk − ∂xj ∂xkφi�} .

Similarly, let (x1, x2, x3) be the usual coordinates on R
3. Let

gf := 2dx1 ◦ dx3 + dx2 ◦ dx2 + f (x2, x3)dx3 ◦ dx3 .

By Theorem 4.28, (R3, gf ) is VSI; this manifold is not flat for generic f as

R(∂x2, ∂x3)∂x2 = 1
2f22∂x1 and R(∂x2, ∂x3)∂x3 = − 1

2f22∂x2 .

2.4.4 NULL DISTRIBUTIONS
Let M be a pseudo-Riemannian manifold of signature (p, q). We suppose given a splitting of the
tangent bundle in the form TM = V1 ⊕ V2 where V1 and V2 are smooth subbundles which are
called distributions. This defines two complementary projections π1 and π2 of TM onto V1 and V2.
We say that V1 is a parallel distribution if ∇π1 = 0. Equivalently this means that ifX1 is any smooth
vector field taking values in V1, then ∇X1 again takes values in V1.

If M is Riemannian, we can take V2 = V ⊥
1 to be the orthogonal complement of V1 and in

that case V2 is again parallel. In the pseudo-Riemannian setting, of course, V2 ∩ V1 need not be
trivial and there exist examples where although V1 is parallel, there exists no complementary parallel
distribution as we shall see presently in Lemma 4.2.

Let V1 be a parallel distribution. The rank of g restricted to V1 is constant. We say that V1 is
a null parallel distribution if V1 is parallel and if the metric restricted to V1 vanishes identically.

Assume dim(V1) = 1 so that V1 is a line field . Assume also that V1 is parallel. If V1 is not null
at a single point, it is not null at any other point and parallel translation gives rise to a parallel vector
field which spans V1 if M is simply connected. However, if V1 is null, it need not be spanned by a
parallel vector field. Manifolds of dimension 3 which admit null parallel distributions are called 3
dimensional Walker manifolds; we return to this point in Section 4.3.

The complementary distribution of a parallel non-degenerate distribution is always integrable.
This is not always the case if the parallel distribution D is degenerate. Indeed, the necessary and
sufficient conditions for such integrability have been discussed in the literature (see, for example [20,
23, 90]). Let M be a pseudo-Riemannian manifold of neutral signature (n, n) admitting two parallel,
complementary, and degenerate distributions D and D′ (which implies dim D = dim D′ = n).Then
R(X, Y )Z ∈ D (resp. R(X, Y )Z′ ∈ D′) for all vector fields X, Y onM and any vector field Z ∈ D
(resp. Z′ ∈ D′). Thus, both distributions remain invariant by the representation of the holonomy
group G and therefore G becomes the connected subgroup of SO0(TPM, gP ) generated by the
matrices which leave D and D′ invariant, i.e.,

G =
{(

U 0
0 tU−1

)
: U ∈ GL+(n,R)

}
.
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Such a group G is the subgroup of SO0(n, n) of those elements which commute with the para-
complex structure J = diag[1, . . . , 1,−1, . . . ,−1].

2.4.5 PSEUDO-RIEMANNIAN HOLONOMY
The holonomy group of an affine connection was discussed previously in Section 2.3.3. We use the
Levi-Civita connection to define the holonomy group of a pseudo-Riemannian manifold. As the
Levi-Civita connection is Riemannian, the parallel displacement preserves the metric. This implies
that the holonomy group is a subgroup of O(TPM, gP ), and can be understood as a subgroup
of O(p, q) which is only defined up to conjugation in O(p, q). This ensures that for a subspace
V ⊂ TPM which is invariant under the holonomy group the orthogonal complementV ⊥ is invariant
as well.

For a Riemannian metric the holonomy group acts completely reducibly, i.e., the tangent space
decomposes into subspaces on which it acts trivially or irreducibly, but for indefinite metrics the situ-
ation is more subtle. We say that the holonomy group acts indecomposably if the metric is degenerate
on any invariant proper subspace. In this case, we also say that the manifold is indecomposable. Of
course, for Riemannian manifolds, indecomposability is equivalent to irreducibility.

A remarkable property is that the holonomy group of a product of Riemannian manifolds
(i.e., equipped with the product metric) is the product of the holonomy groups of these manifolds
(with the corresponding representation on the direct sum). Furthermore, a converse of this statement
is true in the following sense. Let M be a connected pseudo-Riemannian manifold whose tangent
space at a single point (and hence at every point) admits an orthogonal direct sum decomposition
into non-degenerate subspaces which are invariant under the holonomy representation. Then M
is locally isometric to a product of pseudo-Riemannian manifolds corresponding to the invariant
subspaces. Moreover, the holonomy group is the product of the groups acting on the corresponding
invariant subspaces. A global version of this statement was proven under the assumption that the
manifold is simply connected and complete by G. de Rham [229] for Riemannian manifolds and by
H. Wu [261] in arbitrary signature.

Theorem 2.6. Any simply connected complete pseudo-Riemannian manifold M is isometric to a product
of simply connected complete pseudo-Riemannian manifolds one of which can be flat and the others have
an indecomposably acting holonomy group. Moreover, the holonomy group of (M, g) is the product of these
indecomposably acting holonomy groups.

For indefinite metrics there exists the possibility that one of the factors in Theorem 2.6 is in-
decomposable, but not irreducible.This means that the holonomy representation admits an invariant
subspace on which the metric is degenerate, but no proper non-degenerate invariant subspace. An
attempt to classify holonomy groups for indefinite metrics has to provide a classification of these
indecomposable, not irreducible holonomy groups. If a holonomy group acts indecomposably, but
not irreducibly, with a degenerate invariant subspaceV ⊂ TPM , it admits a totally isotropic invariant
subspace I := V ∩ V ⊥ and thus M is a Walker manifold.
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Walker coordinates, as we shall discuss presently in Theorem 3.1, have been extensively used
in order to obtain metrics which realize the possible indecomposable, not irreducible holonomy
groups.

2.5 OTHER GEOMETRIC STRUCTURES
In this section, we discuss additional geometric structures.

2.5.1 PSEUDO-HERMITIAN AND PARA-HERMITIAN STRUCTURES
Let M be a pseudo-Riemannian manifold.An almost Hermitian structure on M is an endomorphism
J of the tangent bundle so that J ∗g = g and so J 2 = − Id. Such a manifold necessarily is even
dimensional and the signature satisfies (p, q) = 2(p̄, q̄) (see [163] for related work). There is an
associated 2 form�, called the almost Kaehler form,which is defined (up to a possible sign convention)
by

�(x, y) := g(x, Jy) = g(Jx, J 2y) = −g(Jx, y) = −�(y, x) .
We can choose vector fields {e−1 , . . . , e−p̄ , e+1 , . . . , e+q̄ } so that

{e−1 , J e−1 , . . . , e−p̄ , J e−p̄ , e+1 , J e+1 , . . . , e+q̄ , J e+q̄ }
is a local orthonormal frame for the tangent bundle. One then has that:

� = −e1− ∧ Je1− − · · · − ep̄− ∧ Jep̄− + e1+ ∧ Je1+ + · · · + eq̄+ ∧ Jeq̄+
where

{e1−, J e1−, . . . , e
p̄
−, J e

p̄
−, e1+, J e1+, . . . , e

q̄
+, J e

q̄
+}

is the corresponding dual frame for the cotangent bundle. Thus,�p̄+q̄ is non-singular and defines
a symplectic structure on M . One says that (M, g, J ) is almost Kaehler if d� = 0.

Let (M, g, J ) be an almost Hermitian manifold of dimension m = 2n. We say that J is an
integrable Hermitian structure or that (M, g, J ) is a Hermitian manifold if there exist local coordinates
(x1, y1, . . . , xn, yn) defined near every point of the manifold so that

J∂xi = ∂yi and J∂yi = −∂xi .
The Nijenhuis tensor is defined for vector fields X and Y by

NJ (X, Y ) := [X, Y ] + J [JX, Y ] + J [X, JY ] − [JX, JY ] . (2.6)

Newlander and Nirenberg showed in [205] that the almost complex structure J is integrable if and
only if NJ = 0. If d� = 0 and if J is integrable then ∇J = 0; in this setting the 2 form � is said
to be Kaehler, the metric g is said to be Kaehler, and the manifold (M, g, J ) is said to be a Kaehler
manifold . If M is compact, this imposes significant topological restrictions on M . For example, the
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manifold M = S3 × S1 admits an integrable complex structure and many Hermitian metrics but
admits no Kaehler metric. A Hermitian manifold (M, g, J ) is said to be locally conformally Kaehler
if for any point P ∈ M there exists an open neighborhood U and a function f : U → R such that
(U, e2f g, J ) is a Kaehler manifold [109].

We use Equation (1.8) to define the �-scalar curvature and the �-Ricci tensor . We say that
(M, g, J ) is weakly �-Einstein if ρ� = τ�

m
g. Schur’s Lemma is not applicable in this context and τ �

need not be constant. Thus, one says that (M, g, J ) is �-Einstein if additionally τ � is constant. Note
that there exist weakly �-Einstein manifolds which are not Einstein; see Theorem 5.18.

A pseudo-Riemannian metric g on an almost complex manifold (M, J ) is said to be an
almost anti-Hermitian metric if J ∗g = −g. Additionally, (M, g, J ) is said to be anti-Kaehler if the
structure is parallel (i.e., ∇J = 0) [45]. Associated to any almost anti-Hermitian structure (g, J )
there is a metric φ(X, Y ) = g(X, JY )which is usually referred to in the literature as the twin metric.
The special significance of anti-Kaehler structures is that both g and φ share the same Levi-Civita
connection without being (M, g) locally reducible.

An almost para-Hermitian structure on M is an endomorphism J of the tangent bundle so
that J ∗g = −g and so J 2 = Id; note that such a manifold M necessarily has neutral signature, i.e.,
p = q = 1

2m.The notions �-Einstein and weakly �-Einstein are defined as in the almost Hermitian
setting. As in the almost Hermitian setting, the associated almost Kaehler form� defines a symplectic
structure;� is given by

�(x, y) := g(x, Jy) = −g(Jx, J 2y) = −g(Jx, y) = −�(y, x) .
(M, g, J ) is said to be almost para-Kaehler if d� = 0.

We say that J is an integrable para-Hermitian structure or is simply a para-Hermitian structure
if the associated Nijenhuis tensor ,

NJ (X, Y ) := [X, Y ] − J [JX, Y ] − J [X, JY ] + [JX, JY ] (2.7)

vanishes. In such a case (M, g, J ) is said to be a para-Hermitian manifold . Analogously to
the Hermitian setting, this condition is equivalent to the existence of local coordinate systems
(x1, . . . , xn, y1, . . . , yn) so that

J∂xi = ∂yi and J∂yi = ∂xi .

Finally, (M, g, J ) is said to be para-Kaehler if J is integrable and d� = 0 or, equivalently, ∇J = 0.
We refer to [120] for a discussion of almost para-Hermitian geometry from the point of view of
general relativity.

2.5.2 HYPER-PARA-HERMITIAN STRUCTURES
An almost hyper-para-complex structure on a 4n dimensional manifold M is a triple

J := {J1, J2, J3}
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where J2, J3 are almost para-complex structures (cf. [173]) and J1 is an almost complex structure,
satisfying the para-quaternionic identities

J 2
1 = −J 2

2 = −J 2
3 = −1, J1J2 = −J2J1 = J3.

An almost hyper-para-Hermitian metric is a pseudo-Riemannian metric which is compatible with
the almost hyper-para-complex structure, i.e.,

g(J1 · , J1 · ) = −g(J2 · , J2 · ) = −g(J3 · , J3 · ) = g( · , · ).
Such a structure is called hyper-para-Hermitian if all the structures Ji are integrable. If each Ji for
i = 1, 2, 3, is parallel with respect to the Levi-Civita connection or, equivalently, the three Kaehler
forms �i(X, Y ) = g(X, JiY ) are closed, then the manifold is called hyper-symplectic [168] or
hyper-para-Kaehler. In this case, J2 and J3 are para-Kaehler structures and it follows that g is a
Walker manifold (see [177, 178] for more information).

If (g, J1, J2, J3) is an almost hyper-para-Hermitian structure, on a manifold of dimension 4,
then the bivectors corresponding via the metric to the 2 forms �1, �2, �3 define an orthonormal
basis of �−, and conversely, any orthonormal basis of �− defines an almost hyper-para-Hermitian
structure.

2.5.3 GEOMETRIC REALIZATIONS
We have the following geometric realization theorems [56]:

Theorem 2.7.

1. Let M = (V , 〈·, ·〉, A) be a curvature model. Then M is geometrically realizable by a pseudo-
Riemannian manifold with constant scalar curvature.

2. Let C = (V , 〈·, ·〉, J, A) be a Hermitian curvature model. Then C is geometrically realizable by an
almost pseudo-Hermitian manifold with constant scalar curvature and constant �-scalar curvature
.

3. Let C̃ = (V , 〈·, ·〉, J, A) be a para-Hermitian curvature model. Then C̃ is geometrically realiz-
able by an almost para-Hermitian manifold with constant scalar curvature and constant �-scalar
curvature.

This theorem generalizes appropriately to yield geometric realization theorems for hyper-
Hermitian and hyper-para-Hermitian models. However, when we wish to impose the integrability
condition to discuss realizations of Hermitian and para-Hermitian models, an additional condition
arises which is called the Gray condition or the Gray identity. We refer to Gray [161] for the proof
of the following result in the Hermitian setting and to [60] for the extension to the para-Hermitian
setting:
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Theorem 2.8.

1. Let R be the curvature tensor of a Hermitian manifold (M, g, J ). Then ∀x, y, z, w
0 = R(x, y, z,w)+ R(Jx, Jy, J z, Jw)− R(Jx, Jy, z,w)− R(Jx, y, J z,w)

− R(Jx, y, z, Jw)− R(x, Jy, J z,w)− R(x, Jy, z, Jw)− R(x, y, J z, Jw) .

2. Let R be the curvature tensor of a para-Hermitian manifold (M, g, J ). Then ∀x, y, z, w
0 = R(x, y, z,w)+ R(Jx, Jy, J z, Jw)+ R(Jx, Jy, z,w)+ R(Jx, y, J z,w)

+ R(Jx, y, z, Jw)+ R(x, Jy, J z,w)+ R(x, Jy, z, Jw)+ R(x, y, J z, Jw) .

One has [57, 60] the following converse to Theorem 2.8:

Theorem 2.9.

1. Let C be a pseudo-Hermitian curvature model which satisfies the identity of Theorem 2.8 (1). Then
C is geometrically realizable by a pseudo-Hermitian manifold.

2. Let C̃ be a para-Hermitian curvature model which satisfies the identity of Theorem 2.8 (2). Then
C̃ is geometrically realizable by a para-Hermitian manifold.

We remark that A satisfies the Gray identity if and only if A ⊥ W7 where W7 is one of the
factors in the Tricerri-Vanhecke curvature decomposition of Theorem 1.8. In Section 6.5.4 we will
discuss a signature (2, 2) locally symmetric manifold which has ρ2 = − Id and has curvature tensor
A ∈ W7.

2.5.4 HOMOGENEOUS SPACES, AND CURVATURE HOMOGENEITY
LetMbe a pseudo-Riemannian manifold of signature (p, q).Let ∇kR be the kth covariant derivative
of the curvature tensor. The manifold M is said to be locally symmetric if ∇R = 0. The manifold
M is said to be homogeneous if the group of isometries acts transitively on M; note that a simply
connected complete locally symmetric space is homogeneous. M is said to be locally homogeneous
provided that, for any points P,Q ∈ M , there exists an isometry φ mapping a neighborhood of P
into a neighborhood of Q such that φ(P )=Q.

One says that M is curvature homogeneous if given any two points P and Q of M , there is
an isometry φ : TPM → TQM so that φ∗RQ = RP , i.e., if the curvature looks the same at any two
points of the manifold. Similarly, M is said to be k curvature homogeneous if in addition one has that
φ∗∇iRQ = ∇iRP for 1 ≤ i ≤ k. Clearly, any locally homogeneous manifold is curvature homoge-
neous. What is perhaps somewhat surprising is that there are curvature homogeneous manifolds
which are not locally homogeneous. We refer to [38, 64, 65, 149, 164, 235, 236, 262] for further
details. One says that M is k curvature modeled on a homogeneous space N if for every point P
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ofM , there is an isometry φ : TPM → TQN so φ∗∇iRN,Q = ∇iRM,P for 0 ≤ i ≤ k; the pointQ
of N being irrelevant since N is assumed homogeneous. This implies M is k curvature homoge-
neous. We shall discuss curvature homogeneity further in Section 3.5 and in Section 4.7. We refer
to [146, 147, 185, 202] for related work.

Remark 2.10. In the Riemannian setting, Singer [240] showed there existed a universal bound km
so that any Riemannian manifold which was km curvature homogeneous was locally homogeneous;
this result was subsequently extended to the pseudo-Riemannian setting by Podesta and Spiro [224]
and an analogous result established in the affine setting by Opozda [217]; see also [15].

Remark 2.11. Prüfer, Tricerri, and Vanhecke [226] showed that if all local Weyl scalar invariants
up to order 1

2m(m− 1) are constant on a Riemannian manifold M, then M is locally homogeneous
and M is determined up to local isometry by these invariants. This fails in the pseudo-Riemannian
setting. Recall, see the discussion in Section 2.4.3, that a manifold is said to be VSI if all the scalar
Weyl invariants vanish. There are many non-flat manifolds which are VSI but which are not locally
homogeneous as we shall see presently in Theorem 3.9. We also refer to the discussion [183, 225]
for additional examples.

The following is a useful observation [21]

Lemma 2.12. Let Mi be real analytic pseudo-Riemannian manifolds for i = 1, 2. Assume there exist
points Pi ∈ Mi so expMi ,Pi

: TPiMi → Mi is a diffeomorphism and so there exists an isomorphism �

between TP1M1 and TP2M2 so �∗∇kRP2,M2 = ∇kRP1,M1 for all k. Then we may define an isometry φ
from M1 to M2 by setting:

φ := expM2,P2
◦� ◦ exp−1

M1,P1
.

2.5.5 TECHNICAL RESULTS IN DIFFERENTIAL EQUATIONS
We shall need the following results subsequently. We omit the proofs as they are elementary. Recall
that fk := ∂xkf .

Lemma 2.13. Let O be an open connected subset of R
4. Letp, q ∈ C∞(O) be functions only of (x3, x4).

The following conditions are equivalent:

1. p2 = 2p4, q2 = 2q3, and pq = p3 + q4.

2. p2 = 2p4, q2 = 2q3, and p3 = q4 = 1
2pq.

3. There exist (a0, a3, a4) ∈ R
3 − {0} so that

p = −2a4(a0 + a3x3 + a4x4)
−1 and q = −2a3(a0 + a3x3 + a4x4)

−1 .
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Lemma 2.14. Let O be a connected open subset of R and let h ∈ C∞(O). Assume that h′ �= 0 and that
hh′′(h′)−2 is constant. Then either h(y) = aeby or h(y) = a(y + b)c.
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C H A P T E R 3

Walker Structures
3.1 INTRODUCTION

In this Chapter, we outline the theory of Walker manifolds. In Section 3.2, we present a brief histor-
ical development and in Section 3.3, we treat Walker coordinates. Section 3.4 presents examples in
very different natural geometric situations of strictly pseudo-Riemannian contexts where the under-
lying metric is a Walker one. More specifically we treat hypersurfaces with nilpotent shape operators,
locally conformally flat metrics with nilpotent Ricci operator, degenerate pseudo-Riemannian ho-
mogeneous structures, para-Kaehler structures, and 2-step nilpotent Lie groups with degenerate
center. The analysis of conformally symmetric metrics leads to the consideration of an important
family of Walker manifolds: the Riemannian extensions.

A detailed description of Riemannian extensions is given in Section 3.5 (see also the results
in Section 6.5). This construction, which relates affine and pseudo-Riemannian geometries, is very
powerful in constructing new examples of strictly pseudo-Riemannian properties. We shall give a
family of neutral signature Walker examples which are Riemannian extensions and relate them with
curvature homogeneity. Given a torsion free connection D, a symmetric (0, 2) tensor field φ on
a manifold M , and (1, 1) tensor fields T and S on M , there is a natural neutral signature metric
gD,φ,T ,S on the cotangent bundle ofM . We relate the Osserman and Ivanov–Petrova conditions for
gD,φ (a particular case of gD,φ,T ,S) to conditions on the curvature of D. The case where D is flat
gives rise to the notion of a plane wave manifold which we use to construct examples of nilpotent
Walker manifolds. Osserman Riemannian extensions are investigated as is the relationship between
a nilpotent Osserman manifold and an Osserman Riemannian extension. We establish interesting
correspondences between torsion free connections with nilpotent skew symmetric curvature operator
and Ivanov–Petrova Riemannian extensions.

3.2 HISTORICAL DEVELOPMENT

Walker manifolds constitute the underlying structure of many strictly pseudo-Riemannian situations
with no Riemannian counterpart: indecomposable (but not irreducible) holonomy [23], Einstein
hypersurfaces with nilpotent shape operators [194] or some classes of non-symmetric Osserman
metrics [106] are typical examples. Walker manifolds have also been considered in general relativity
in the study of hh spaces [47, 119]. Moreover, the fact that para-Kaehler and hyper-symplectic
metrics are necessarily of Walker type motivates the consideration of such metrics in connection
with almost para-Hermitian structures.

Observe that there is a tight connection between Walker structures and Osserman metrics.
First of all, it is a fact that most examples of Osserman metrics with non-diagonalizable Jacobi
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operator (i.e., Types II and III in Theorem 1.18) are realized as Walker manifolds. On the other
hand, Walker manifolds appear as the underlying structure of several specific pseudo-Riemannian
structures.We have already mentioned that the metric tensor of any para-Kaehler [92] (and hence any
hyper-symplectic [168]) structure is necessarily of Walker type. The same occurs for the underlying
metric of real hypersurfaces in indefinite space forms whose shape operator is nilpotent [192].

Lorentzian Walker manifolds have been studied extensively in the physics literature since they
constitute the background metric of the pp-wave models [2, 179, 181, 200]. A pp-wave spacetime
admits a covariantly constant null vector field U and therefore it is trivially recurrent (i.e., if one has
∇U = ω ⊗ U for some 1 formω). Lorentzian Walker manifolds present many specific features both
from the physical and geometric viewpoints [67, 80, 190, 225]. We also refer to related work [165,
166] for a discussion of generalized Lorentzian Walker manifolds (i.e., for spacetimes admitting a
non-zero vector field na satisfying Rijk�n� = 0 or admitting a rank 2 symmetric or anti-symmetric
tensor H with ∇H = 0).

Riemannian extensions were originally defined by Patterson and Walker [221] and further
investigated in [7] thus relating pseudo-Riemannian properties of T ∗M with the affine structure
of the base manifold (M,D). Moreover, Riemannian extensions were also considered in [100, 129]
in relation to Osserman manifolds. The Riemannian extension provides a natural way of passing
from the affine category in dimension n to the neutral signature pseudo-Riemannian category in
dimension m = 2n.

3.3 WALKER COORDINATES
Walker [255] studied pseudo-Riemannian manifolds M with a parallel field of null planes D and
derived a canonical form. Motivated by this seminal work, one says that a pseudo-Riemannian
manifold M which admits a null parallel i.e., degenerate) distribution D is a Walker manifold .

Canonical forms were known previously for parallel non-degenerate distributions. In this case,
the metric tensor, in matrix notation, expresses in canonical form as

(gij ) =
(
A 0
0 B

)
,

where A is a symmetric r × r matrix whose coefficients are functions of (x1, . . . , xr ) and B is a
symmetric (m− r)× (m− r)matrix whose coefficients are functions of (xr+1, . . . , xm). Herem is
the dimension ofM and r is the dimension of the distribution D.

Theorem 3.1. A canonical form for an m dimensional pseudo-Riemannian manifold M admitting a
parallel field of null r dimensional planes D is given by the metric tensor in matrix form as

(gij ) =
⎛⎝ 0 0 Idr

0 A H

Idr tH B

⎞⎠ ,
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where Idr is the r × r identity matrix and A, B, H are matrices whose coefficients are functions of the
coordinates satisfying the following:

1. A and B are symmetric matrices of order (m− 2r)× (m− 2r) and r × r respectively. H is a
matrix of order (m− 2r)× r and tH stands for the transpose of H .

2. A andH are independent of the coordinates (x1, . . . , xr ).

Furthermore, the null parallel r-plane D is locally generated by the coordinate vector fields

{∂x1, . . . , ∂xr } .

Proof. First observe that any pseudo-Riemannian manifold satisfying the conditions of the theorem
admits a field of degenerate planes D spanned by {∂x1, . . . , ∂xr }. In order to show that D is parallel,
we shall compute ∇∂xa ∂xi for all i ∈ {1, . . . , r}, and a ∈ {1, . . . , m}. Put

∇∂xa ∂xi = �ai
j ∂xj + �ai�∂x� + �aiν∂xν ,

where j ∈ {1, . . . , r}, � ∈ {r + 1, . . . , m− r} and ν ∈ {m− r + 1, . . . , m}. Now, a straightforward
calculation using the fact that A and H are independent of the coordinates (x1, . . . , xr ) shows that
the Christoffel symbols �ai� and �aiν vanish identically. Hence, D is a parallel plane field.

Conversely, let D be an r dimensional parallel plane field. Then the orthogonal plane field
D⊥ is also parallel and hence both D and D⊥ foliate M . As D ⊂ D⊥ and dim D⊥ = m− r , there
exist foliated coordinates

(

D︷ ︸︸ ︷
x1, . . . , xr , xr+1, . . . , xm−r︸ ︷︷ ︸

D⊥

, xm−r+1, . . . , xm) (3.1)

so that D (resp. D⊥) is locally spanned by {∂x1, . . . , ∂xr } (resp. {∂x1, . . . , ∂xm−r }).
Now, since D is totally degenerate and D⊥ is the orthogonal complement of D, one imme-

diately has g(D,D) = 0 and g(D,D⊥) = 0, which gives

g(∂xi , ∂xj ) = 0, g(∂xi , ∂x�) = g(∂x�, ∂xi ) = 0

for all i, j ∈ {1, . . . , r}, � ∈ {r + 1, . . . , m− r}.
Next consider the coordinate functions xm−r+i and their gradients

Ei = ∇xm−r+i ,

i ∈ {1, . . . , r}. Then one has

g(Ei, ∂xα ) = dxm−r+i (∂xα ) = δm−r+i
α
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which shows that g(Ei,D⊥) = 0, and thus Ei ∈ D for all i. Since all the gradients are linearly
independent, the parallel distribution is locally generated by the Ei ’s.

Now, it is shown in [255] (see also [20]) that [Ei,Ej ] = 0 for all i, j , and thus the coordinates
in Equation (3.1) can be further specialized so that Ei = ∂xi for all i ∈ {1, . . . , r}. Then in the new
system of coordinates, the matrix form of the metric becomes

(gij ) =
⎛⎝ 0 0 Idr

0 A H

Idr tH B

⎞⎠
where Idr is the r × r identity matrix.

In what remains of the proof we will show that A and H are independent of the coordinates
(x1, . . . , xr ). Let i ∈ {1, . . . , r} and take α, β ∈ {r + 1, . . . , m− r}. Then

∂xi gαβ = g(∇∂xi ∂xα , ∂xβ )+ g(∂xα ,∇∂xi ∂xβ )
= g(∇∂xα ∂xi , ∂xβ )+ g(∂xα ,∇∂xβ ∂xi ) = 0,

since the distribution D is parallel (thus g(∇D,D⊥) = 0). This shows that the matrix A does not
depend on the coordinates (x1, . . . , xr ).

Similarly, for any i ∈ {1, . . . , r}, α ∈ {r + 1, . . . , m− r} and t ∈ {m− r + 1, . . . , m}, one
has

∂xi gαt = g(∇∂xi ∂xα , ∂xt )+ g(∂xα ,∇∂xi ∂xt )
= g(∇∂xα ∂xi , ∂xt )+ g(∂xα ,∇∂xt ∂xi )
= −g(∂xi ,∇∂xα ∂xt )
= −g(∂xi ,∇∂xt ∂xα ) = 0,

thus showing that the matrix H does not depend on the coordinates (x1, . . . , xr ). �

Following the terminology of [255], a field of r-planes D is said to be strictly parallel if each
vector in the plane at a point P ∈ M is carried by parallel transport into a vector in the plane at
another point Q ∈ M , the latter vector being the same for all paths from P toQ.

Theorem 3.2. A canonical form for an m dimensional pseudo-Riemannian manifold M admitting a
strictly parallel field of null r dimensional planes D is given by the metric tensor as in Theorem 3.1, where
B is independent of the coordinates (x1, . . . , xr ).

The local coordinates (x1, . . . , xm) which give the canonical form of the metrics given in
Theorem 3.1 or in Theorem 3.2 are not unique. Thus, care must be taken when defining invariants.
Derdzinski and Roter gave a coordinate free version of Walker’s theorem in [103] which avoids this
difficulty. Their construction can be described as follows. Suppose that the following data are given:
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1. Integers m and r with 0 < r ≤ m/2.

2. An r dimensional manifold  .

3. A bundle over  with some total space M , whose every fiber My , y ∈  , is a T ∗
y  -principal

bundle over an m− 2r dimensional manifold Qy .

4. A pseudo-Riemannian metric hy on each Qy , y ∈  .

All the y-dependent objects above, including the principal bundle structure, are assumed to vary
smoothly with y ∈  and, in particular, the Qy are the fibers of a bundle over  with a total space
Q of dimension m− r .

Theorem 3.3. g and D are obtained by a natural construction (see [103] for details) from any prescribed
data (m, r, ,M,Q, h), so that g is a pseudo-Riemannian metric on the m dimensional manifold U
(where U is a non-empty open subset ofM), and D is a g-null, g-parallel distribution of dimension r on
U . Conversely, every null parallel distribution D on a pseudo-Riemannian manifold M is, locally and up
to isometry, the result of applying the mentioned construction to some data (m, r, ,M,Q, h).

Remark 3.4. In order to clarify the data given above and relate it to the elements which appear
in Walker’s theorem, the following table associates the corresponding coordinates to each manifold.
Assuming (x1, . . . , xm) are the coordinates forM in Walker’s theorem, we have:

Manifold  Q My Qy

Coordinates (xm−r+1, . . . , xm) (xr+1, . . . , xm) (x1, . . . , xm−r ) (xr+1, . . . , xm−r )

Also note that the null parallel distribution D is spanned by {∂x1, . . . , ∂xr }.

Remark 3.5. A different spinorial approach to Walker geometry has been developed in [189] (see
also [85, 86]) which proved to be useful in describing 4 dimensional Walker manifolds of signature
(2, 2).

3.4 EXAMPLES OF WALKER MANIFOLDS

In this section, we shall present situations where Walker geometry arises naturally.



44 CHAPTER 3. WALKER STRUCTURES

3.4.1 HYPERSURFACES WITH NILPOTENT SHAPE OPERATORS
We say N is a space form if N = N (c) has constant sectional curvature c. Einstein hypersurfaces
M in such a manifold N (c) have been studied by Magid [192], who showed that the shape operator
S of any such hypersurface is diagonalizable, or it defines, after rescaling, a complex structure onM
(i.e., S2 = −b2 Id for some b �= 0), or it is a 2-step nilpotent operator (i.e., S2 = 0, S �= 0). The last
two cases comprise the main differences with the theory of codimension one isometric immersions
of Riemannian Einstein manifolds M into space forms of constant sectional curvature. Indeed,
the case of diagonalizable shape operators has been already covered by the work of Fialkow [116].
Consequently, we shall pay special attention to the pseudo-Riemannian structure corresponding to
the cases where the shape operator satisfies either S2 = −b2 Id for some b �= 0, or S2 = 0, S �= 0.

It was shown by Magid [193] that Einstein hypersurfaces in indefinite space forms with
imaginary principal curvatures have parallel second fundamental form, and thus the shape operator
defines an anti-Kaehler structure on the hypersurface (cf. Section 2.5.1). Using this, he was able to
show that such hypersurfaces are complex spheres CSn(1/b) or CSn(

√−1/b), where

CSn(r) =
{
(z1, . . . , zn+1) ∈ C

n+1 : z2
1 + z2

2 + · · · + z2
n+1 = r2

}
for r ∈ C .

The later case (S2 = 0, S �= 0) is of main interest for the scope of this book. Since S is a self-
adjoint operator, its kernel is a null i.e., a completely isotropic or a degenerate) subspace and it was
shown in [194] that it is parallel whenever Rank S is maximal.This shows that the underlying metric
on M is a Walker one. It is worth mentioning that a complete description of such hypersurfaces is
not yet available.

An extension of the previous theory to the complex case was carried out in [204] where an
analogous description of the shape operators has been obtained for complex Einstein hypersurfaces
in indefinite complex space forms.

3.4.2 LOCALLY CONFORMALLY FLAT METRICS WITH
NILPOTENT RICCI OPERATOR

By an abuse of notation, we shall also let ρ denote the Ricci operator ; g(ρx, y) = ρ(x, y). Since
the curvature operator R of a locally conformally flat manifold is essentially encoded by the Ricci
operator, it is natural to search for classification results obtained by curvature conditions involving
both R and ρ. One such condition is the commutativity of both the curvature and Ricci opera-
tors: R(X, Y )·ρ = 0, where X and Y run over all tangent vectors. Algebraic consequences of such
condition have been obtained in [169] as follows.

Let M be a conformally flat pseudo-Riemannian manifold such that R(X, Y )·ρ = 0. Then
the Ricci operator ρ satisfies one of the following conditions:

Type A :ρ is diagonalizable with respect to an orthonormal basis and has at most two real eigenvalues.
Type B : ρ2 = −a2 Id, where a is a non-zero real number.
Type C : ρ2 = 0 and ρ �= 0.

We continue our discussion of these three cases:
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Type A. Only this case is available in the Riemannian setting. Manifolds of this type are necessarily
one of the following:

1. A pseudo-Riemannian manifold of constant sectional curvature.

2. The product of two pseudo-Riemannian manifolds of non-zero constant sectional curvatures
with opposite signs.

3. The product manifold of a pseudo-Riemannian manifold of non-zero constant sectional cur-
vature and a 1 dimensional Lorentzian or Riemannian manifold.

Type B. More generally suppose J 2 = − Id and J ∗g = ±g. This corresponds to the following
example. Give C

n+1 the natural pseudo-Hermitian metric of neutral signature (n+ 1, n+ 1). Let
M be the complex hypersphere of dimension m = 2n defined by the equation

z2
1 + · · · + z2

n+1 = √−1b

where b is a non-zero real number. This manifold has the structure of the pseudo-Riemannian
symmetric space SO(n+ 1,C)/SO(n,C) and is diffeomorphic to the tangent bundle of the n
dimensional sphere.

Type C. This corresponds to the case in which the manifold, on the open set where ρ has maximal
rank,has a totally geodesic foliation with flat and complete leaves defined as the integral submanifolds
of the involutive distribution given by the kernel of ρ. Moreover, if the maximal rank of ρ is 1 (which
occurs for instance if the metric is Lorentzian), then both the kernel and the image of ρ are parallel
degenerate distributions, which shows that the underlying metric is a Walker one.

3.4.3 DEGENERATE PSEUDO-RIEMANNIAN HOMOGENEOUS
STRUCTURES

Ambrose and Singer [11] gave a characterization of simply connected and complete Riemannian
homogeneous manifolds in terms of a (1, 2) tensor field T on the manifold such that the connection
∇̄ = ∇ − T satisfies

∇̄g = 0, ∇̄R = 0, ∇̄T = 0,

where ∇ is the Levi-Civita connection of the manifold. A tensor field T as above is usually called a
homogeneous structure. Such characterization, later extended to reductive pseudo-Riemannian homo-
geneous spaces [122], was investigated in detail [123, 252]. A classification of such structures arises
by considering the space of all covariant tensors TXYZ = g(T (X, Y ), Z) which are skew symmetric
in the last two arguments (which is equivalent to ∇̄g = 0),

T (TPM) = {S ∈ ⊗3T ∗
PM : SXYZ = −SXZY }.
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The action of the orthogonal group decomposes T (TPM) into three invariant and irreducible com-
ponents: T (TPM) = T1 ⊕ T2 ⊕ T3, where

T1 = {T ∈ T (TPM) : TXYZ = g(X, Y )ω(Z)− g(X,Z)ω(Y ), for someω ∈ T ∗
PM},

T2 = {T ∈ T (TPM) : TXYZ + TYZX + TZXY = 0, and
∑
εiTeieiZ = 0},

T3 = {T ∈ T (TPM) : TXYZ + TYXZ = 0}.
Here {ei} is an orthonormal basis and εi = g(ei, ei).

Riemannian T1-homogeneous structures are very restrictive and indeed those which are not
locally symmetric (i.e., T �= 0) are necessarily of constant sectional curvature. This result has been
extended to the pseudo-Riemannian case in [123] as follows:

Theorem 3.6. Let M := (M, g) be a connected pseudo-Riemannian manifold which admits a non-
degenerate homogeneous structure of type T1 defined by a vector field ξ i.e.,

T (X, Y ) = g(X, Y )ξ − g(ξ, Y )X where g(ξ, ξ) �= 0 .

Then M has constant sectional curvature equal to −g(ξ, ξ).
The consideration of the degenerate case when ξ is a null vector has been settled [203]; the

condition ∇̄g = 0 implies that ∇ξ = α ⊗ ξ for some 1 form α. This involved showing that ξ is a
recurrent vector field. Consequently, the underlying metric is of Walker type. Moreover, just after
renumbering the coordinates in [203], one has the following description of Walker coordinates.

Theorem 3.7. An n+ 2 dimensional pseudo-Riemannian manifold admits a degenerate homogeneous
structure of type T1 if and only if there exist local coordinates (u, x1, . . . , xn, v)where the metric expresses
as

g =
⎛⎝ 0 1

A

1 2u+ f

⎞⎠
where A is an n× n symmetric non-degenerate metric whose entries are functions of the coordinates
(x1, . . . , xn), and f is a real valued function of the coordinates (x1, . . . , xn). Moreover, in such a case the
vector field associated to the homogeneous structure is ξ = ∂u.

3.4.4 PARA-KAEHLER GEOMETRY
Recall that a para-Kaehler manifold is a symplectic manifold admitting two transversal Lagrangian
foliations (see [92, 173]). Such a structure induces a decomposition of the tangent bundle TM
into the Whitney sum of Lagrangian subbundles L and L′, that is, TM = L⊕ L′. By generalizing
this definition, one sees that an almost para-Hermitian manifold may be defined to be an almost
symplectic manifold (M,�) whose tangent bundle splits into the Whitney sum of Lagrangian
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subbundles. This definition implies that the (1, 1) tensor field J defined by J := πL − πL′ is an
almost para-complex structure, that is J 2 = Id onM , such that

�(JX, JY ) = −�(X, Y ) for all X, Y ∈ C∞(TM) .

Here πL and πL′ are the projections of TM onto L and L′, respectively. The 2 form � induces a
non-degenerate (0, 2) tensor field g onM defined by

g(X, Y ) := �(X, JY ) .

Now the relation between the almost para-complex and the almost symplectic structures onM shows
that g defines a pseudo-Riemannian metric of signature (n, n) onM and moreover,

g(JX, Y )+ g(X, JY ) = 0 for all X, Y ∈ C∞(TM) .

The special significance of the para-Kaehler condition is equivalently stated in terms of the par-
allelizability of the para-complex structure with respect to the Levi-Civita connection of g, that
is ∇J = 0. The para-complex structure J has eigenvalues ±1 with null i.e., completely isotropic)
corresponding eigenspaces due to the skew symmetry of J . Moreover, since J is parallel in the para-
Kaehler setting, the ±1 eigenspaces are parallel as well. This shows that any para-Kaehler structure
(g, J ) arises from an underlying Walker manifold.

Para-Kaehler structures play an important role in pseudo-Riemannian holonomy since they
correspond to the situation when the holonomy group leaves invariant two complementary to-
tally degenerate subspaces (which correspond to the ±1 eigenspaces of the para-complex structure
J [23]). Hence, the complementary distribution of a Walker manifold is integrable if and only if the
underlying structure is para-Kaehler. A canonical form of para-Kaehler metrics was given by Bérard
Bergery and Ikemakhen, who showed the existence of coordinates (x1, . . . , xn, x1′, . . . , xn′) where
the metric takes the form

(gij ) =
(

0 A

tA 0

)
.

Here A is a symmetric matrix function with entries aij ′ = ∂xi ∂xj ′h for some potential function h
whose Taylor expansion starts with x1x1′ + · · · + xnxn′ [23].

Note that the coordinates above are not Walker coordinates. We refer to Section 3.5.2 for
a description of para-complex space forms in terms of Walker coordinates by means of modified
Riemannian extensions of flat connections.

3.4.5 TWO-STEP NILPOTENT LIE GROUPS WITH DEGENERATE CENTER
Let N be a 2-step nilpotent Lie group with left invariant pseudo-Riemannian metric tensor 〈 · , · 〉
and Lie algebra n. In the Riemannian case, one splits n = z ⊕ z⊥ where the superscript denotes
the orthogonal complement with respect to the inner product and z stands for the center of n. In
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the pseudo-Riemannian case, however, z may contain a degenerate subspace U for which U ⊆ U⊥.
Hence, the following decomposition is introduced in [89]

n = z ⊕ b = U ⊕ Z ⊕ D ⊕ E

in which z = U ⊕ Z and b = D ⊕ E. Here U and D are complementary null subspaces and one has
that U⊥ ∩ D⊥ = Z ⊕ E. (Indeed, Z is the part of the center in U⊥ ∩ D⊥ and E is its orthogonal
complement in U⊥ ∩ D⊥). The geometry of a pseudo-Riemannian 2-step nilpotent Lie group is
essentially controlled by the linear mapping j : U ⊕ Z → End(D ⊕ E) defined by

〈j (a)x, y〉 = 〈[x, y], ia〉 ,
where i is an involution interchanging U and D. Now, since [n, n] ⊆ z, it immediately follows that
U is a parallel degenerate subspace and thus the metric 〈 · , · 〉 is necessarily a Walker one.

On the other hand, note that 4 dimensional indefinite Kaehler Lie algebras g naturally split
into two classes depending on whether a naturally defined Lagrangian ideal h satisfying h ∩ Jh is
trivial or h ∩ Jh coincides with g. If the second possibility occurs, then the induced metric is a Walker
one. Such Lie algebras correspond to the cases R × h3, aff(C), r4,−1,−1, δ4,1 and δ4,2. See [220] for
details.

3.4.6 CONFORMALLY SYMMETRIC PSEUDO-RIEMANNIAN METRICS
A pseudo-Riemannian manifold M of dimension m ≥ 4 is said to be conformally symmetric [81]
if the Weyl tensor W of M is parallel. Obvious examples arise when M is conformally flat or
locally symmetric. Conformally symmetric manifolds which are neither conformally flat nor locally
symmetric have usually been referred to as essentially conformally symmetric (ECS). Such manifolds
must be non-Riemannian [102].

The local description of ECS manifolds naturally splits into two cases, depending on the
dimension of a null parallel distribution.The Olszak distribution, which was introduced in [214] (see
also [213]), is the subbundle D of TM such that the sections of D are precisely those vector fields
U which satisfy the condition g(U, · ) ∧W(L,L′, · , · ) = 0, i.e.,

{g(U,X)W(L,L′, Y, Z)+ g(U, Y )W(L,L′, Z,X)+ g(U,Z)W(L,L′, X, Y )}X ∧ Y ∧ Z = 0

for all vector fieldsL,L′, X, Y, Z.The distribution D is obviously parallel and its dimension is either
1 or 2 for any ECS manifold [104]. One may proceed as follows to describe the local structure of
essentially conformally symmetric (ECS) manifolds.

ECS manifolds with dim D = 1 are locally described by the following construction [104].
Let I be an open interval, let f : I → R be a smooth function, and let V be a real vector space of
dim V = m− 2 which is equipped with a pseudo-Euclidean inner product 〈 · , · 〉 and a non-zero
trace free self-adjoint operator A : (V , 〈 · , · 〉) → (V , 〈 · , · 〉). Next define a pseudo-Riemannian
manifold

(I × R × V, κdt2 + dtds + γ )
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where (t, s) are the Cartesian coordinates in I × R, γ stands for the pullback of 〈 · , · 〉 to the
manifold I × R × V and κ is the function given by

κ(t, s, χ) = f (t)〈χ, χ〉 + 〈Aχ, χ〉 for any (t, s, χ) ∈ I × R × V .

The ECS manifolds with dim D = 2 are locally described by the following construction [104].
Let ( ,D) be a projectively flat surface with a D-parallel volume form α and let (V , 〈 · , · 〉) be an
m− 4 dimensional vector space with a pseudo-Euclidean inner product. Further, let T be a twice-
contravariant symmetric tensor field on with divD(divD T )+ (ρD, T ) = ±1, where divD denotes
theD-divergence, ρD is the Ricci tensor ofD and ( · , · ) is the natural pairing. For such a T (which
always exists for simply connected and non-compact  ), define a twice-covariant symmetric tensor
field τ on  by setting

τjk = αj�αkiT
�i .

Let γ be the pseudo-Riemannian metric on V corresponding to 〈 · , · 〉 and let θ(v) = 〈v, v〉 for all
v ∈ V . Let gD be the Riemannian extension of the torsion free connection D to T ∗ . Consider

(T ∗ × V, gD − 2τ + γ − θρD) .
We observe that if D has dimension 1 or 2, then the Olszak distribution D is null and parallel; thus
the underlying metric is a Walker one.

3.5 RIEMANNIAN EXTENSIONS
In this section, we present basic information about Riemannian extensions and relate them to
Walker geometry, to Ivanov–Petrova geometry, and to Osserman geometry. To be consistent with
the classical notation for Riemannian extensions, as defined by Patterson and Walker [221] (see
also [263]), throughout this section we shall renumber the Walker coordinates to fit the general
form

(gij ) =
⎛⎝ B H Idr

tH A 0
Idr 0 0

⎞⎠ .
In the rest of this monograph we adopt the notation of Walker manifolds as in Section 3.3, so we will
use coordinates (x1, . . . , x2n) such that, after renumbering the indices appropriately, a Riemannian
extension fit the general form

(gij ) =
(

0 Idr
Idr �

)
.

3.5.1 THE AFFINE CATEGORY
Let M be a smooth manifold of dimension n. We recall the discussion of the cotangent bundle
given in Section 2.3.2. If X ∈ C∞(TM) and T ∈ C∞(End(TM)), recall that ιX, XC , and ιT are



50 CHAPTER 3. WALKER STRUCTURES

characterized by the identities:

ιX(P, ω) = ω(XP ), XC(ιZ) = ι[X,Z], ιT (XC) = ι(T X) .

LetD be a torsion free affine connection onM .The Riemannian extension is the pseudo-Riemannian
metric gD on T ∗M of neutral signature (n, n) characterized by the identity:

gD(X
C, YC) = −ι(DXY +DYX) . (3.2)

Let D∂xi ∂xj = D�ij
k∂xk give the Christoffel symbols of the connection D. Then:

gD = 2dxi ◦ dxi′ − 2xk′
D�ij

kdxi ◦ dxj .
We can generalize this construction slightly.Letπ be the canonical projection of the cotangent

bundle T ∗M onM . Let φ ∈ C∞(S2(T ∗M)) be a symmetric (0, 2) tensor field onM and let T and
S belong to C∞(End(TM)). The modified Riemannian extension is the neutral signature metric on
T ∗M defined by

gD,φ,T ,S := ιT ◦ ιS + gD + π∗φ . (3.3)

In a system of local coordinates one has

gD,φ,T ,S = 2dxi ◦ dxi′ + { 1
2xr ′xs′(T

r
i S

s
j + T rj Ssi )+ φij (x)− 2xk′

D�ij
k}dxi ◦ dxj .

We set T = S = 0 to define the twisted Riemannian extension,

gD,φ := gD + π∗φ . (3.4)

Let R be the curvature Let R̃ be the curvature operator of the Levi-Civita connection defined
by gD,φ and let R be the curvature of D. Express

R(∂xi , ∂xj )∂xk = Rijk
�∂x� .

We refer to [263] for the following result:

Lemma 3.8. The (possibly) non-zero curvatures of R̃ are:

R̃kji
h = Rkji

h, R̃kji
h′
, R̃kji′

h′ = −Rkjh
i, R̃k′ji

h′ = Rhij
k .

The expression of R̃kji
h′

is not specified as it is not necessary for our purposes.
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3.5.2 TWISTED RIEMANNIAN EXTENSIONS DEFINED BY
FLAT CONNECTIONS

The case where D is flat is of special interest. We show in this section that both the twisted and
modified Riemannian extensions have special significance whenever the base affine connection is
flat. We first deal with the twisted Riemannian extension—we refer to [148, 149] for the proofs of
the assertions in this section.

Let gD,φ be a twisted Riemannian extension defined by a flat connection D for arbitrary φ.
This means that we can choose local coordinates so that

g = 2dxi ◦ dxi′ + φij (x1, . . . , xn)dxi ◦ dxj . (3.5)

These manifolds have also been called plane wave manifolds. First of all, we recall some general facts
regarding geodesic completeness. In a coordinate system where the Christoffel symbols vanish, one
has

Theorem 3.9. Let M = (M, g) be as in Equation (3.5). Then

1. The possibly non-zero components of the curvature tensor and of the covariant derivativeR(ν) of the
curvature tensor for ν ≥ 0 are:

R(∂xi , ∂xj , ∂xk , ∂x�) = 1
2 {∂xi ∂xkφj� + ∂xj ∂x�φik − ∂xi ∂x�φjk − ∂xj ∂xkφi�},

R(ν)(∂xi , ∂xj , ∂xk , ∂x�; ∂xj1 , . . . , ∂xjν ) = (∂xj1
. . . ∂xjν )R(∂xi , ∂xj , ∂xk , ∂x�) .

2. All the local Weyl scalar invariants vanish so M is VSI. The Jacobi operator, the skew symmetric
curvature operator, and the Szabó operator are all nilpotent operators.These manifolds are Osserman,
Ivanov–Petrova, and Szabó. The distribution D := Span{∂xi′ } is a null parallel distribution of
maximal dimension giving M the structure of a Walker manifold.

3. Assume thatM = R
2n. All geodesics extend for infinite time. The exponential map expP from TPM

toM is a diffeomorphism for any P ∈ M . If φ(x) = aij xixj is a quadratic function, then M is a
symmetric space.

Example 3.10. If 2n ≥ 6, let φ := x2
1dx2 ◦ dx2.Then J (∂x1 ± ∂x1′ ) �= 0 while J (∂x3 ± ∂x3′ ) = 0.

Thus, this manifold is an Osserman symmetric space which is neither timelike Jordan Osserman
nor spacelike Jordan Osserman.

Example 3.11. Let (x, y, z1, . . . , zn−2, x̃, ỹ, z̃1, . . . , z̃n−2) be coordinates on R
2n. Let α = α(y)

be real analytic. Define:

φα := −2
{
α(y)+ yz1 + · · · + yn−2zn−2

}
dx ⊗ dx,

gα := φα + 2{dx ◦ dx̃ + dy ◦ dỹ + dz1 ◦ dz̃1 + · · · + dzn−2 ◦ dz̃n−2} .
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Let Mα := (R2n, gα) be the associated plane wave manifold.

Theorem 3.12. Adopt the notation established above.

1. The manifold My2 is a symmetric space.

2. The manifold Mey is a homogeneous space which is curvature modeled on My2 and which is not a
symmetric space.

3. The manifold Mey+e2y is:

(a) curvature modeled on the symmetric space My2 ,

(b) n− 1 curvature modeled on the homogeneous space Mey ,

(c) n− 1 curvature homogeneous but not n curvature homogeneous.

We can further examine the geometry of these manifolds. Suppose that α(n) > 0 and that
α(n+1) > 0. For k ≥ 1, define:

σk(α) := α(n+k+1){α(n)}k{α(n+1)}−k−1 .

Theorem 3.13. Let αi be real analytic functions with α(n)i > 0 and α(n+1)
i > 0. Let Pi ∈ R

2n. The
following assertions are equivalent:

1. σk(α1)(P1) = σk(α2)(P2) for k = 1, 2, . . . .

2. There exists a local isometry ψ : (R2n, gα1, P1) → (R2n, gα2, P2).

3. There exists a global isometry ψ : (R2n, gα1, P1) → (R2n, gα2, P2).

This result shows that the numbers {σk(α)(P )} are a complete system of isometry invariants
of (Mα, P ). Since α is assumed defined on all of R, Lemma 2.14 shows that σ1(α) is constant if
and only if α(n) = aeby for some a > 0 and b > 0. And furthermore if α(n) = aeby , then σk(α) = 1
for all k. Thus, any homogeneous example within this family is isometric to Mey .

If we set n = 2 and omit the (zi, z̃i) variables, we obtain the example

g = −2f (y)dx ◦ dx + 2{dx ◦ dx̃ + dy ◦ dỹ} .
One then has, see [113, 114], that the manifold Mey+e2y is a 1 curvature homogeneous complete
manifold which is curvature modeled on an irreducible symmetric space and which is not 2 curvature
homogeneous.
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3.5.3 MODIFIED RIEMANNIAN EXTENSIONS DEFINED BY
FLAT CONNECTIONS

Let (M, g, J ) be an almost para-Hermitian manifold. Recall that the para-holomorphic sectional
curvature of a non-degenerate para-holomorphic 2-plane π := Span{x, Jx} is given by

H(x) = −R(x, Jx, Jx, x)g(x, x)−2 .

Para-Kaehler manifolds of constant para-holomorphic sectional curvature c are locally symmetric
and their curvature tensor [92] is given by R = c

4 {RId + RJ } . The importance of modified Rie-
mannian extensions in relation with para-Kaehler geometry is illustrated by the following result
[77].

Theorem 3.14. A para-Kaehler metric of non-zero constant para-holomorphic sectional curvature c
is locally isometric to the cotangent bundle of an affine manifold which is equipped with the modified
Riemannian extension gD,0,c Id,Id given by Equation (3.3), whereD is a flat connection.

Hence, any para-Kaehler manifold (M, g, J ) of non-zero constant para-holomorphic sec-
tional curvature c can be represented as a modified Riemannian extension, in coordinates
(x1, . . . , xn, x1′, . . . , xn′), by

g = 2dxi ◦ dxi′ + c xi′xj ′dxi ◦ dxj ,
where the para-Hermitian structure J is given by J∂xi = ∂xi − c xi′xj ′∂xj ′ and J∂xi′ = −∂xi′ .

3.5.4 NILPOTENT WALKER MANIFOLDS
The work of this section is also due to Fiedler [118].Let n ≥ 3.We generalize a previous construction
given in Section 3.5.2.Take coordinates (x, u1, . . . , un−1, x̃, ũ1, . . . , ũn−1)on R

2n.We shall suppose
that f = f (u, ũ) be a smooth function. We let Mf := (R2n, gf ) where

gf := f (u, ũ)dx ◦ dx + 2dx ◦ dx̃ + 2
n−1∑
i=1

dui ◦ dũi .

The non-zero Christoffel symbols of the first kind are then given by:

gf (∇∂x ∂ui , ∂x) = gf (∇∂ui ∂x, ∂x) = −gf (∇∂x ∂x, ∂ui ) = 1
2∂ui f ,

gf (∇∂x ∂ũi , ∂x) = gf (∇∂ũi ∂x, ∂x) = −gf (∇∂x ∂x, ∂ũi ) = 1
2∂ũi f .

Consequently, D := Span{∂x̃, ∂ũ1, . . . , ∂ũn−1} is a null parallel distribution and Mf is a Walker
manifold. Note that Mf is not a Riemannian extension for a general f . However, setting

ξ� := −
�∑
i=1

{
(ui + ũi)u2

i+1

}
− 1

3
u3

1, η� := −
�∑
i=1

{
2(ui + ũi)ui+1 + u2

i+1

}
− u2

1 ,
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yields corresponding manifolds Mξ� and Mη� which are twisted Riemannian extensions. More
precisely, Mξ� coincides with the twisted Riemannian extension determined by

D∂x∂x = 1

2

�∑
i=1

u2
i+1∂ui , and φ =

(
−

�∑
i=1

uiu
2
i+1 − 1

3
u3

1

)
dx ⊗ dx

on R
n with coordinates (x, u1, . . . , un−1). Analogously, Mη� corresponds to

D∂x∂x =
�∑
i=1

ui+1∂ui , and φ =
(

−
�∑
i=1

(2uiui+1 + u2
i+1)− u2

1

)
dx ⊗ dx

on R
n with coordinates (x, u1, . . . , un−1).

Recall that M is nilpotent Szabó if the associated Szabó operator is nilpotent.

Theorem 3.15. Adopt the notation established above.

1. The manifold Mξ� is a Walker manifold of signature (n, n)which is nilpotent Szabó of order 2n− 2.

2. The manifold Mη� is a Walker manifold of signature (n, n) which is nilpotent Osserman of order
2n− 2 and which is nilpotent Ivanov–Petrova of order 3.

3.5.5 OSSERMAN RIEMANNIAN EXTENSIONS
Recall that M is nilpotent Osserman if the Jacobi operator of M is nilpotent. We have [129]:

Theorem 3.16. LetD be a torsion free connection onM . Let gD,φ be the twisted Riemannian extension
on T ∗M given by Equation (3.4). The following conditions are equivalent:

1. D has nilpotent Jacobi operator.

2. gD,φ is nilpotent Osserman.

3. gD,φ is Osserman.

Proof. Let X̃ := αi∂xi + αi′∂xi′ be a vector field on T ∗M . Then it follows from Lemma 3.8 that the
matrix of the Jacobi operator J̃ (X̃) with respect to the basis {∂xi , ∂xi′ } is of the form

J̃ (X̃) =
(

J (X) 0

� tJ (X)

)
, (3.6)
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where J (X) is the matrix of the Jacobi operator corresponding to the vector field X = αi∂xi on
M . Now, if (M,D) is assumed to have nilpotent Jacobi operator, then 0 is the only eigenvalue of
J (X). Therefore, it follows from Equation (3.6) that 0 is also the only eigenvalue of J̃ (X̃) and thus
(T ∗M,gD,φ) is pseudo-Riemannian Osserman.

Conversely, assume that (T ∗M,gD,φ) is pseudo-Riemannian Osserman. If X := αi∂xi is an
arbitrary vector field on M , then X̃ := αi∂xi + 1

2αi
∂xi′ is a unit vector field at any point of the zero

section of T ∗M . From Equation (3.6) we see that the characteristic polynomial pλ(J̃ (X̃)) of J̃ (X̃)
is the square of the characteristic polynomial pλ(J (X)) of J (X). Since for every unit vector X̃ on
T ∗M the characteristic polynomial pλ(J̃ (X̃)) should be the same, we see that for every vector X
on M the characteristic polynomial pλ(J (X)) is the same and hence (M,D) has nilpotent Jacobi
operator. In particular, all eigenvalues are zero. �

3.5.6 IVANOV–PETROVA RIEMANNIAN EXTENSIONS
Recall that M is nilpotent Ivanov–Petrova if the associated curvature operator is nilpotent. We have
[76]:

Theorem 3.17. LetD be a torsion free connection onM . Let gD,φ be the twisted Riemannian extension
on T ∗M given by Equation (3.4). The following conditions are equivalent:

1. D has nilpotent curvature operator.

2. gD,φ is nilpotent Ivanov–Petrova.

3. gD,φ is Ivanov–Petrova.

Proof. Let R be the curvature operator associated to D and let R̃ be the corresponding curvature
operator associated to the Levi-Civita connection of the metric gD,φ . Let

X := αi∂xi , X̃ := αi∂xi + αi′∂xi′ ,
Y := βi∂xi , Ỹ := βi∂xi + βi′∂xi′ .

We use Lemma 3.8 to express:

R̃(X̃, Ỹ ) =
(

R(X, Y ) 0
� −tR(X, Y )

)
. (3.7)

Consequently, we have det(R̃ − λ Id) = det(R − λ Id) · det(−R − λ Id) and thus

Spec{R̃(X̃, Ỹ )} = Spec{R(X, Y )} ∪ Spec{−R(X, Y )} . (3.8)

Suppose Assertion (1) holds so that D has nilpotent curvature operator. It then follows that
Spec{R̃(X̃, Ỹ )} = {0} and hence gD,φ is nilpotent Ivanov–Petrova. Thus, Assertion (1) implies
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Assertion (2); it is immediate that Assertion (2) implies Assertion (3). Suppose finally Assertion (3)
holds. Let {X, Y } be linearly independent tangent vectors and choose {X̃, Ỹ } an orthonormal basis
of a spacelike 2-plane which projects on {X, Y }. Since gD,φ is Ivanov–Petrova, we may use Equa-
tion (3.8) to conclude that

Spec{R(X, Y )} ∪ Spec{−R(X, Y )}
is independent of the choice of X and Y . Let α be a non-zero real number. Since

Spec{R(αX, Y )} ∪ Spec{−R(αX, Y )}
= α{Spec{R(X, Y )} ∪ Spec{−R(X, Y )}} ,

we conclude Spec{R(X, Y )} = {0} and hence D has nilpotent curvature operator. �
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C H A P T E R 4

Three-Dimensional
Lorentzian Walker Manifolds

4.1 INTRODUCTION
In this Chapter, we discuss the geometry of 3 dimensional Walker manifolds by showing both some
of their specific features as well as their influence on the study of 3 dimensional Lorentzian geometry.
From the point of view of Walker geometry, 3 dimensional Walker manifolds are the first non-trivial
case for consideration. Moreover, the fact that all geometric data is encoded in a single function
makes this geometry more tractable than the corresponding higher dimensional cases.

We begin in Section 4.2 with some historical remarks. Then in Section 4.3, we introduce
3 dimensional Walker geometry. We give a canonical form, locally, for the metric in Section 4.3.1
and analyze the possible Jordan normal forms for the Ricci operator in Section 4.3.2. The Christof-
fel symbols and the curvature tensor as well as some of the curvature operators are discussed in
Section 4.3.3. A classification of locally symmetric 3 dimensional Walker manifolds is given in Sec-
tion 4.3.4. Finally, we study some generalizations of Einstein manifolds in Section 4.3.5 and several
properties of the curvature operators in Section 4.3.6.

In Section 4.4,we discuss a number of curvature conditions and treat foliated Walker manifolds
and contact Walker manifolds. In Section 4.5, we investigate strict Walker geometry in dimension 3.
In Section 4.6, we return to the general setting and analyze 3 dimensional homogeneous and sym-
metric Lorentzian manifolds. Finally, in Section 4.7, we discuss curvature homogeneous Lorentzian
manifolds; Walker geometry once again plays a central role.

4.2 HISTORY
Three dimensional geometry plays a central role in the investigation of many problems in Riemannian
and Lorentzian geometry.The fact that the Ricci operator completely determines the curvature tensor
is crucial to these investigations.

Einstein manifolds of dimension 3 are of constant sectional curvature and 3 dimensional
manifolds with parallel Ricci operator are locally symmetric. Gray [162] considered the space of
covariant derivatives of Ricci tensors to introduce some generalizations of the Einstein condition.
The three primitive classes of manifolds, consisting on those with cyclic parallel Ricci tensor,Codazzi
Ricci tensor and C⊥ have been extensively studied in the Riemannian case. Riemannian manifolds
of dimension 3 with cyclic parallel Ricci tensor are locally homogeneous naturally reductive [222].
C⊥ Riemannian 3 dimensional manifolds (see Section 4.3.5) are classified by Berndt [25] while the
complete classification of 3 dimensional manifolds with Codazzi Ricci tensor is still open.
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In showing that any Riemannian manifold of dimension 3 with cyclic parallel Ricci operator is
locally homogeneous one makes use of the theory of curvature homogeneous Riemannian manifolds
which was introduced in Section 2.5.4. Any locally homogeneous pseudo-Riemannian manifold is
clearly curvature homogeneous of any order. It is well-known that 0 curvature homogeneity does
not suffice to ensure local homogeneity in dimension greater than 2 as pointed out by Takagi [249],
but 3 dimensional Riemannian manifolds which are 1 curvature homogeneous are locally homoge-
neous [232]. The situation is more complicated in the Lorentzian case (which is partially due to the
different Jordan normal forms of the Ricci operator in signature (1, 2)) and 1 curvature homogeneity
does not guarantee local homogeneity [65]. A complete description of 1 curvature homogeneous
Lorentzian 3 dimensional manifolds is given in [64] showing that their Ricci operators must be
diagonalizable or otherwise there is a double root of their minimal polynomial. The class of 0 cur-
vature homogeneous 3 dimensional manifolds is much larger and all possible Jordan normal forms
are available for the Ricci operator as shown in [72].

Curvature homogeneity (and thus local homogeneity) can be characterized in the Riemannian
setting by using scalar curvature invariants [226]. In fact, locally homogeneous Riemannian man-
ifolds can be detected by the constancy of their scalar curvature invariants [226]. This fact (which
relies on the compactness of the structure group) does not extend to the pseudo-Riemannian case,
where manifolds exist all whose scalar curvature invariants vanish (VSI) but they are not locally ho-
mogeneous as shown in [65, 80, 183, 225]. Walker metrics play a distinguished role in understanding
many of these problems. Other related references are [19, 63, 66, 68, 69, 70, 71, 170].

4.3 THREE DIMENSIONAL WALKER GEOMETRY
Let M := (V , 〈·, ·〉, A) be a curvature model on a 3 dimensional vector space as discussed in Sec-
tion 1.3.3 and let ρ be the associated Ricci tensor given in Equation (1.6). Since the Weyl curvature
tensor vanishes identically if m = 3, the curvature tensor of a 3 dimensional pseudo-Riemannian
manifold is completely determined by the Ricci tensor. This fact is essential in the development of
the present Chapter.

4.3.1 ADAPTED COORDINATES
The Walker coordinates introduced in Section 3.3 simplify when the null r-plane D has maximum
dimensionality. Since dim D = r ≤ 1

2m two cases occur depending on whether m is odd or even.
Since our objective in this Chapter is the analysis of 3 dimensional Walker manifolds, we begin with
the following general result [255]:

Theorem 4.1. A canonical form for a 2r + 1 dimensional pseudo-Riemannian manifold M admitting
a parallel field of null r dimensional planes D is given by the metric tensor in matrix form as

(gij ) =
⎛⎝ 0 0 Idr

0 ε 0
Idr 0 B

⎞⎠
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where Idr is the r × r identity matrix, B is a symmetric r × r matrix whose entries are functions of the
coordinates (x1, . . . , x2r+1) and ε = ±1.

Theorem 3.2 implies that the null plane is strictly parallel if and only if the entries of B in
Theorem 4.1 are independent of the coordinates (x1, . . . , xr ) [255].

We clear the previous notation. Throughout Chapter 4 we shall consider the manifolds Mf

which are defined as follows. Let f = f (x1, x2, x3) be a smooth function which is defined on an
open subset O of R

3. Let ε = ±1. We define Mf := (O, gf ) where

gf := 2dx1 ◦ dx3 + εdx2 ◦ dx2 + f (x1, x2, x3)dx3 ◦ dx3 . (4.1)

The manifold Mf has signature (1, 2) if ε = +1; Mf has signature (2, 1) if ε = −1. Let M be a
3 dimensional Walker manifold. We use Theorem 4.1 to see M is locally isometric to Mf for some
suitably chosen {f,O, ε}. We note that the Walker coordinate system is not unique and thus f is
not determined uniquely; in certain cases further normalizations of f are possible – this will play a
role in our subsequent discussions. In the remainder of Section 4.3, we shall summarize basic results
concerning the manifolds Mf and refer to [80] and the references therein for details.

4.3.2 THE JORDAN NORMAL FORM OF THE RICCI OPERATOR
In the Riemannian setting, there always exists an orthonormal basis diagonalizing the Ricci operator
ρ. However, in the Lorentzian case, the Ricci operator need not be diagonalizable even though it is
self-adjoint. Let the Ricci curvatures be the (possibly complex) eigenvalues of the Ricci operator ρ.
There are four different cases which occur according to the behavior of the Jordan normal form of
the Ricci operator:

(Ia). The Ricci operator is diagonalizable, i.e.,

ρ =
⎛⎝ α 0 0

0 β 0
0 0 γ

⎞⎠ .
(Ib). The Ricci operator has complex eigenvalues, i.e.,

ρ =
⎛⎝ α −β 0
β α 0
0 0 γ

⎞⎠ where β �= 0.

(II). There is a 2 × 2 Jordan block and hence a double root of the minimal polynomial of ρ, i.e.,

ρ =
⎛⎝ α 0 0

0 β 0
0 1 β

⎞⎠ .
(III). There is a 3 × 3 Jordan block and hence a triple root of the minimal polynomial of ρ, i.e.,
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ρ =
⎛⎝ α 0 0

1 α 0
0 1 α

⎞⎠ .
This categorization plays a central role in what follows.

4.3.3 CHRISTOFFEL SYMBOLS, CURVATURE, AND THE RICCI TENSOR
We begin our investigation by studying the Levi-Civita connection of Mf .

Lemma 4.2. Let Mf be as defined in Equation (4.1).

1. The non-zero components of the Christoffel symbols are:

∇∂x1 ∂x3 = 1
2f1∂x1, ∇∂x2 ∂x3 = 1

2f2∂x1, ∇∂x3 ∂x3 = 1
2 (ff1 + f3)∂x1 − ε

2f2∂x2 − 1
2f1∂x3 .

2. The distribution D := Span{∂x1} is a null parallel distribution.The distribution D admits a parallel
spanning vector field if and only if f (x1, x2, x3) = a(x2, x3)+ x1b(x3).

Proof. The calculation of the Christoffel symbols is immediate. It now follows that D is a null
parallel distribution. Suppose that s = eφ∂x1 is a parallel vector field. Then φ must satisfy the
equations ∂x3φ = − 1

2f1, ∂x1φ = 0, ∂x2φ = 0. It now follows that f11 = f12 = 0. �

Remark 4.3. If D admits a parallel spanning vector field,we can renormalize the Walker coordinates
so that f = a(x2, x3) is independent of the parameter x1 and so D = Span{∂x1}. A more detailed
treatment of this specific case is carried out in Section 4.5.

We use Lemma 4.2 to establish:

Lemma 4.4.

1. The non-zero components of the curvature tensor of Mf are

R(∂x1, ∂x3)∂x1 = 1
2f11∂x1, R(∂x1, ∂x3)∂x3 = 1

2ff11∂x1 − ε
2f12∂x2 − 1

2f11∂x3,

R(∂x1, ∂x3)∂x2 = 1
2f12∂x1, R(∂x2, ∂x3)∂x1 = 1

2f12∂x1,

R(∂x2, ∂x3)∂x2 = 1
2f22∂x1, R(∂x2, ∂x3)∂x3 = 1

2ff12∂x1 − ε
2f22∂x2 − 1

2f12∂x3 .

2. The Ricci tensor of Mf is f11 dx1 ◦ dx3 + f12 dx2 ◦ dx3 + 1
2 (ff11 − εf22) dx3 ◦ dx3 .
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3. The Ricci operator ρ of Mf is

ρ =
⎛⎜⎝

1
2f11

1
2f12 − ε

2f22

0 0 ε
2f12

0 0 1
2f11

⎞⎟⎠ .
4. The Ricci operator of Mf has eigenvalues: λ1 = 0, λ2 = λ3 = 1

2f11; τ = f11.

5. Mf is Einstein if and only if Mf is flat.

6. Mf has constant Ricci curvatures if and only if f = κx2
1 + x1P(x2, x3)+ ξ(x2, x3).

7. If Mf has constant Ricci curvatures {0, κ, κ}, κ �= 0, then ρ is diagonalizable if and only if
f (x1, x2, x3) = κx2

1 + x1(P (x3)+ x2Q(x3))+ x2(
1

4κ x2Q(x3)
2 + T (x3))+ ξ(x3).

Remark 4.5. Mf has a 2-step nilpotent Ricci operator if and only if f11 = f12 = 0. Moreover, in
such a case D admits a parallel spanning vector field and the metric can be renormalized to be strict
(see Theorem 3.2).

4.3.4 LOCALLY SYMMETRIC WALKER MANIFOLDS
We devote this section to the analysis of local symmetry in 3 dimensional Walker manifolds. We
have the following observation that follows from the results of Section 4.3.3:

Theorem 4.6. Mf is locally symmetric if and only if f has one of the following forms:

1. f (x1, x2, x3) = x2
1κ + x1(x2P(x3)+Q(x3))+ x2

2
4κ P (x3)

2 + x2
κ
(P ′(x3)

+ 1
2P(x3)Q(x3))+ ξ(x3) for any real constant κ �= 0.

2. f (x1, x2, x3) = x1Q(x3)+ x2
2α(x3)+ x2β(x3)+ ξ(x3) where α′ +Qα = 0.

Remark 4.7. Let Mf be as in Theorem 4.6 (1). Then τ = 2κ and

ρ =

⎛⎜⎜⎝
κ 1

2P(x3) − ε
4κ P (x3)

2

0 0 ε
2P(x3)

0 0 κ

⎞⎟⎟⎠ .

This is always diagonalizable, so Mf is locally a product of a Lorentzian surface of constant scalar
curvature κ (defined by the coordinates (x1, x3)) and an interval.
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Remark 4.8. Let Mf be as in Theorem 4.6 (2). Then τ = 0 and

ρ =

⎛⎜⎜⎝
0 0 −εα(x3)

0 0 0

0 0 0

⎞⎟⎟⎠ .

This is diagonalizable if and only if α = 0, i.e., the metric is flat.

4.3.5 EINSTEIN-LIKE MANIFOLDS
Einstein metrics as well as constant scalar curvature metrics are important classes of pseudo-
Riemannian manifolds. Every Einstein metric has parallel Ricci tensor, however, not every manifold
with constant scalar curvature has parallel Ricci tensor.Thus, one can say that manifolds with parallel
Ricci tensor lie between both classes above.

A. Gray [162] generalized the parallel Ricci condition in two different ways. A pseudo-
Riemannian manifold M is said to have cyclic parallel Ricci tensor if

(∇Xρ) (X,X) = 0

for any vector field X or, equivalently, if for all X, Y , and Z one has the identity:

(∇Xρ) (Y, Z)+ (∇Y ρ) (Z,X)+ (∇Zρ) (X, Y ) = 0 .

Similarly, the Ricci tensor of M is said to be Codazzi if for all X, Y , and Z one has

(∇Xρ)(Y, Z) = (∇Y ρ)(X,Z) .
Either of these two conditions implies that M has constant scalar curvature.

Translating the symmetries of the covariant derivative of the Ricci tensor to an algebraic
context, Gray considered the space S of 3 tensors with the symmetries of (∇· ρ)(·, ·). Suppose given
a curvature model M = (V , 〈·, ·〉, A). Let {e1, . . . , em} be a basis for V . Let εij := 〈ei, ej 〉. Define

S := {σ ∈ ⊗3V ∗ : σ(x, y, z) = σ(x, z, y) and εij σ (x, ei, ej )
= 2εij σ (ei, ej , x) ∀x, y, z ∈ V } .

Give S the inner product 〈σ1, σ2〉 = εi1j1εi2j2εi3j3σ1(ei1, ei2, ei3)σ2(ej1, ej2, ej3) . We introduce
the following subspace which, in the geometric context, would correspond to manifolds of constant
scalar curvature:

C := {σ ∈ S : εij σ (x, ei, ej ) = 0} .
We also define the following two subspaces of C:

A := {σ ∈ S : σ(x, y, z)+ σ(y, z, x)+ σ(z, x, y) = 0 ∀x, y, z ∈ V }, and
B := {σ ∈ S : σ(x, y, z) = σ(y, x, z) ∀x, y, z ∈ V } .
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Note that the covariant derivative of the Ricci tensor of manifolds with cyclic parallel Ricci tensors
at any point lies in A; whereas the covariant derivative of the Ricci tensor of manifolds with Codazzi
Ricci tensor at any point lies in B. One has the following orthogonal direct sum decomposition [162]:

S = A ⊕ B ⊕ C⊥ .

The two conditions given above, namely cyclic parallel and Codazzi Ricci tensors, arise in a natural
way from the decomposition of the space of 3 tensors verifying the symmetries of (∇· ρ)(·, ·), and
decompose orthogonally the space C. Manifolds corresponding to models in C⊥ are characterized
by the following identity which must be satisfied for all vector fields X, Y , and Z:

(∇Xρ)(Y, Z) = 1
(m+2)(m−1)

{
mX(τ)〈Y,Z〉 + m−2

2 (Y (τ )〈X,Z〉 + Z(τ)〈X, Y 〉)
}
. (4.2)

Clearly, any manifold with parallel Ricci tensor has cyclic parallel Ricci tensor and Codazzi
Ricci tensor, and satisfies the Equation (4.2), but the converse is not true in general. However, any
manifold satisfying any two of these three conditions necessarily has parallel Ricci tensor.

Theorem 4.9.

1. The Ricci tensor of Mf is cyclic parallel if and only if it is parallel.

2. Mf is a C⊥ manifold if and only if the Ricci tensor of Mf is parallel.

Recall from Section 1.3.6 that the Schouten tensor C is given by:

C = 1

m− 2

(
ρ − τ

2(m− 1)
g

)
.

A 3 dimensional manifold is locally conformally flat if and only if the Schouten tensor C is Codazzi,
i.e.,

c(X, Y,Z) := (∇XC) (Y, Z)− (∇YC) (X,Z) = 0 .

Lemma 4.10. The non-zero components of the Codazzi equations for the Schouten tensor of the manifold
Mf are:

c(∂x2, ∂x1, ∂x2) = −c(∂x1, ∂x2, ∂x2) = ε
2f111,

c(∂x3, ∂x1, ∂x2) = −c(∂x1, ∂x2, ∂x3) = c(∂x2, ∂x1, ∂x3) = −c(∂x1, ∂x3, ∂x2) = − 1
2f112,

c(∂x3, ∂x1, ∂x3) = −c(∂x1, ∂x3, ∂x3) = ε
2f122,

c(∂x3, ∂x2, ∂x2) = −c(∂x2, ∂x3, ∂x2) = − 1
2 (f122 + εf113),
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c(∂x3, ∂x2, ∂x3) = −c(∂x2, ∂x3, ∂x3) = 1
4 (2εf222 + f1f12 + 2f123 − f2f11).

Note that the Ricci tensor of any locally conformally flat manifold with constant scalar cur-
vature is Codazzi. By Lemma 4.10, Mf is locally conformally flat if and only if

f (x1, x2, x3) = x2
1κ + x1(x2P(x3)+Q(x3))+ ξ(x2, x3) where

x2P
2 + PQ+ 2P ′ − 2κξ2 + 2εξ222 = 0 .

Theorem 4.11. The following assertions are equivalent:

1. The Ricci tensor of Mf is Codazzi.

2. Mf is locally conformally flat.

3. We have f (x1, x2, x3) = x2
1κ + x1(x2P(x3)+Q(x3))+ ξ(x2, x3) where

2ξ22(x2, x3)− 2εκξ(x2, x3) = γ (x3)− x2
2
2 εP (x3)

2 − εx2(P (x3)Q(x3)+ 2P ′(x3)) .

Remark 4.12. It follows that if Mf is locally conformally flat and has vanishing scalar curvature
(i.e., κ = 0), then f = f (x1, x2, x3) satisfies

f = x1(x2P(x3)+Q(x3))− ε 1
48x

4
2P(x3)

2 − ε 1
12x

3
2(P (x3)Q(x3)+ 2P ′(x3))

+ 1
4x

2
2γ (x3)+ x2η(x3)+ δ(x3) .

4.3.6 THE SPECTRAL GEOMETRY OF THE CURVATURE TENSOR
The 3 dimensional case is an exceptional case in the study of Ivanov–Petrova manifolds, where
the problem is completely solved at the algebraic level in the Riemannian setting but not at the
differentiable level [172, 207], where the problem becomes more complicated. Since in dimension
3 the Ricci tensor determines the curvature tensor, the investigation of Ivanov–Petrova manifolds is
translated into the problem of classifying metrics with prescribed Ricci tensor. A complete solution
to the 3 dimensional Ivanov–Petrova algebraic problem in Lorentzian signature is given in [127] as
follows.

Theorem 4.13. Let M := (V , 〈·, ·〉, A) be a 3 dimensional Lorentzian curvature model. M is Ivanov–
Petrova if and only if one of the following holds:

1. M has constant sectional curvature.
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2. The Ricci operator ρ is diagonalizable with eigenvalues {0, 0, κ}, κ �= 0.

3. The Ricci operator ρ is a 2-step nilpotent operator.

Note that case (3) does not occur in the Riemannian setting [171, 172]. The Ricci operator
of any 3 dimensional Walker manifold does not permit the eigenvalue structure given by (2) in
Theorem 4.13.Then, as a consequence of Remark 4.5, one has the following geometric consequence:

Theorem 4.14. The following assertions are equivalent conditions:

1. Mf is Ivanov–Petrova.

2. f (x1, x2, x3) = a(x2, x3)+ x1b(x3).

3. The distribution D admits a parallel spanning vector field.

Remark 4.15. By Remark 4.3, if condition (3) holds in Theorem 4.14, then Mf is a strict Walker
manifold.

4.3.7 CURVATURE COMMUTATIVITY PROPERTIES
We recall the definitions of Section 1.4.5. Commutativity properties of curvature operators have
been investigated in the 3 dimensional setting in [125], where the following algebraic descriptions
are obtained.

Theorem 4.16. Let M := (V , 〈·, ·〉, A) be a 3 dimensional Lorentzian curvature model.

1. M is curvature–Ricci commuting if and only if one of the following holds:

(a) M is of constant sectional curvature.

(b) The Ricci operator ρ is diagonalizable with eigenvalues {0, κ, κ}, κ �= 0.

(c) The Ricci operator ρ is a 2-step nilpotent operator.

2. M is curvature–curvature commuting if and only if one of the following holds:

(a) A is identically zero.

(b) The Ricci operator ρ is diagonalizable with eigenvalues {0, κ, κ}, κ �= 0.

(c) The Ricci operator ρ is a 2-step nilpotent operator.

These results in the algebraic setting then give rise to the following geometric consequence:

Theorem 4.17. The following conditions are equivalent conditions:
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1. Mf is curvature–Ricci commuting.

2. Mf is curvature–curvature commuting.

3. One of the following holds:

(a) The Ricci operator is diagonalizable, i.e., f 2
12 − f11f22 = 0.

(b) The Ricci operator satisfies ρ2 = 0, i.e., f (x1, x2, x3) = a(x2, x3)+ x1b(x3) or, equiva-
lently, the distribution D admits a parallel spanning vector field.

4.4 LOCAL GEOMETRY OF WALKER MANIFOLDS
WITH τ �= 0

In this section, we report work of [126]. Recall from Lemma 4.4 that the Ricci operator of a 3
dimensional Walker manifold has eigenvalues λ1 = 0, λ2 = λ3 = 1

2τ . In this section, we assume
τ �= 0 at each point of M. The eigenvalue λ1 = 0 is a distinguished eigenvalue. We denote the
associated eigenvector by

N = −f12

τ
∂x1 + ∂x2 .

Assume ε = 1 so N is spacelike. Let N be the associated flow. Let ω be the associated 1 form:

ω = dx2 − f12

τ
dx3 .

We then have that

ω ∧ dω =
(
f12

τ

)
1
dx1 ∧ dx2 ∧ dx3.

This distinguishes two natural subclasses:

1. If (f12
τ
)1 = 0, then the Ricci operator defines a foliation. For instance, this is the case whenever

the scalar curvature is a non-zero constant.

2. If (f12
τ
)1 �= 0 at each point, then the Ricci operator defines a contact structure.

We study these two classes of 3 dimensional Walker manifolds separately.

4.4.1 FOLIATED WALKER MANIFOLDS
Suppose that the scalar curvature τ of Mf never vanishes. Decompose TM = N ⊕ N ⊥ where N
is the 1 dimensional distribution given by the eigenspace associated to the distinguished eigenvalue
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of the Ricci operator and N ⊥ is the orthogonal complement. The second fundamental form L of N
and L⊥ of N ⊥ are given [228], respectively, by:

〈LNN,X〉 = 〈∇NN,X〉, 〈LNX,N〉 = −〈LNN,X〉,
LX = 0, 〈LNN,N〉 = 〈LNX, Y 〉 = 0,
〈L⊥
XY,N〉 = 1

2 〈∇XY + ∇YX,N〉, 〈L⊥
XN, Y 〉 = −〈L⊥

XY,N〉,
L⊥
N = 0, 〈L⊥

XY,Z〉 = 〈L⊥
XN,N〉 = 0 .

The distribution N ⊥ has signature (1, 1). We take the orthonormal frame :

Z+ = 1
2

(
1 −

(
f12
τ

)2 − f
)
∂x1 + f12

τ
∂x2 + ∂x3,

Z− = − 1
2

(
1 +

(
f12
τ

)2 + f
)
∂x1 + f12

τ
∂x2 + ∂x3 .

Recall that a plane field is said to be totally geodesic if its second fundamental form vanishes
and minimal if its corresponding second fundamental form is trace free. The integrability of the
normal plane field can be now stated as follows:

Theorem 4.18. Suppose τ is nowhere vanishing. The following assertions are equivalent:

1. The plane field N ⊥ is integrable.

2. N is a divergence free locally defined vector field on Mf .

3. N ⊥ is a minimal plane field on Mf (i.e., Tr L⊥ = 0).

Remark 4.19. It follows from the previous theorem that the shape operator S(N) of the distribution
N ⊥, given by 〈S(N)X, Y 〉 = 〈L⊥

XN, Y 〉, has eigenvalues α1 = 0 and α2 = −(f12
τ
)1. Hence, S(N)

is nilpotent whenever N ⊥ is integrable.
Now, if N ⊥ is integrable, then a straightforward calculation using the Gauss equation shows

that the sectional curvature KN ⊥
of the (Lorentzian) leafs of N ⊥ satisfies

KN ⊥ = −RN ⊥
(Z+, Z−, Z−, Z+)

= −R(Z+, Z−, Z−, Z+)

− 〈S(N)Z+, S(N)Z+〉〈S(N)Z−, Z−〉 + 〈S(N)Z+, S(N)Z−〉2

= 1
2τ.

Thus, if τ never vanishes and if (f12
τ
)1 = 0, then Mf is foliated by Lorentzian surfaces whose

Gaussian curvature equals one half of the scalar curvature of the Walker manifold.
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A foliation F is said to be bundle-like if it is locally defined by a Riemannian submersion or,
equivalently, if

(LFg)(F⊥,F⊥) = 0

where L denotes the Lie derivative. Further note that if F is bundle-like, then the orthogonal plane
field F⊥ is totally geodesic (although not necessarily integrable).

Theorem 4.20. Let τ never vanish.

1. The following assertions are equivalent:

(a) N defines a bundle-like foliation of Mf .

(b) N ⊥ is a totally geodesic distribution.

(c) 1
2f2 − 1

2f1
f12
τ

− (f12
τ
)3 − f12

τ
(
f12
τ
)2 = 0.

2. Assume in addition that the plane field N ⊥ is integrable. The following assertions are equivalent:

(a) N ⊥ defines a bundle-like foliation.

(b) N is a geodesic vector field.

(c) (f12
τ
)1 = (

f12
τ
)2 = 0.

Remark 4.21. Observe that although N is not a geodesic vector field in general i.e., we may have
that ∇NN �= 0),N is isotropically geodesic since |∇NN |2 = 0.

A special case where Theorem 4.18 applies is that of Walker manifolds of constant scalar
curvature (since τ = f11). Hence, as a consequence of Theorem 4.18 and Remark 4.19, any 3
dimensional Walker manifold of constant non-zero scalar curvature is foliated by minimal surfaces of
constant scalar curvature.

Theorem 4.22. The Ricci foliation N ⊥ of Mf is totally geodesic if and only if

f (x1, x2, x3) = κ
2x

2
1 + x1a(x2, x3)+ 1

2κ a(x2, x3)
2 + 2

κ
a3(x2, x3)+ 1

κ2 a2(x2, x3)
2 + ξ(x3) .

Diagonalizability of both the Ricci operator and the shape operator of the leafs of the foliation
is a very restrictive condition, as the following result shows.

Theorem 4.23. The following assertions are equivalent:

1. Mf is locally symmetric.
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2. N ⊥ is a totally geodesic bundle-like foliation.

3. Mf has diagonalizable Ricci tensor and N ⊥ is totally geodesic.

Remark 4.24. Locally symmetric Walker manifolds of non-zero scalar curvature are locally given
by Theorem 4.6, which shows that the corresponding Ricci operator is diagonalizable. Hence, since
the Ricci operator is parallel, the manifold splits locally into a product of an interval and a Lorentzian
surface of constant sectional curvature. The converse is trivial.

4.4.2 CONTACT WALKER MANIFOLDS
If
(
f12
τ

)
1

�= 0, or equivalently if divN �= 0, then the 1 form ω = dx2 − f12
τ
dx3 defines a contact

structure. Since Mf is Lorentzian, the contact structure ω has an associated para-contact structure
(ϕ, ξ, η), i.e.,

ϕ2 = Id −η ⊗ ξ, η(ξ) = 1

and the metric satisfies
g(ϕX, ϕY ) = −g(X, Y )+ η(X)η(Y )

for all vector fields X, Y onM . Moreover, g(ϕX, Y ) = dω(X, Y ).

Remark 4.25. Observe that N does not correspond to the Reeb vector field ξ of the para-contact
structure. Let i� denote interior multiplication. The Reeb vector field is characterized by iξ dω = 0
and η(ξ) = 1. Further, observe that

iNdω = −
(
f12

τ

)
2
dx1 + f12

τ

(
f12

τ

)
2
dx2 + f12

τ

(
f12

τ

)
1
dx3

from where it follows that iNdω = 0 if and only if dω vanishes identically.

Now, proceeding as in [219], one has the following

Theorem 4.26. Let (M, ϕ, ξ, η, g) be an almost para-contact manifold. The induced almost para-
complex structure onM × R

J

(
X, a

d

dr

)
=
(
ϕX + aξ, η(X) d

dr

)
becomes almost para-Hermitian with respect to the conformal metric h0 = e2rh, where h is the product
metric

h

[(
X, a

d

dr

)
,

(
Y, b

d

dr

)]
= g(X, Y )− ab.
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Moreover, (M × R, h0, J ) is almost para-Kaehler if and only if (M, ϕ, ξ, η, g) is para-contact.

Remark 4.27. An alternative description of the conformal metric h0 = e2rh in M × R, where
h = gM − dr2 is the product metric, goes as follows. Put ν = er .Then h0 is just the warped product
metric −dν2 + ν2gM and hence (M × R, h0) can be interpreted as the cone R ×ν M over the
manifold (M, gM).A special case of this result (the correspondence between para-Sasakian structures
(M, ϕ, ξ, η, g) and para-Kaehler cones) was discussed in [10].

4.5 STRICT WALKER MANIFOLDS
The results in Section 3.3 show that a 3 dimensional Walker manifold is a strict Walker manifold if
and only if D admits a null parallel spanning vector field or, equivalently (see Remark 4.3), if we can
choose a coordinate system so f (x1, x2, x3) = f (x2, x3) [255]. We assume henceforth that Mf is
a strict Walker manifold and that (x1, x2, x3) are adapted coordinates so f = f (x2, x3). We may
then use Lemma 4.2 to see

∇∂x2 ∂x3 = 1
2f2∂x1 and ∇∂x3 ∂x3 = 1

2f3∂x1 − ε
2f2∂x2 .

Furthermore, since f does not depend on x1, the relations of Lemma 4.4 simplify to become:

R(∂x2, ∂x3)∂x2 = 1
2f22∂x1 and R(∂x2, ∂x3)∂x3 = − ε

2f22∂x2 .

By Lemma 4.4, the Ricci operator becomes

ρ =
⎛⎜⎝ 0 0 − ε

2f22

0 0 0

0 0 0

⎞⎟⎠ .

Theorem 4.28. Let Mf for f = f (x2, x3) be a strict Walker manifold. Then:

1. All the scalar invariants of Mf vanish.

2. Mf is locally symmetric if and only if f (x2, x3) = x2
2α + x2β(x3)+ ξ(x3) for α constant.

3. The following assertions are equivalent:

(a) The Ricci tensor is Codazzi.

(b) Mf is locally conformally flat.

(c) We can choose a coordinate system so that f (x2, x3) = x2
2α(x3)+ x2β(x3)+ ξ(x3).
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Proof. The covariant derivative of the curvature tensor is given by

(∇∂x2 R)(∂x2, ∂x3)∂x2 = 1
2f222∂x1 and (∇∂x3 R)(∂x2, ∂x3)∂x2 = 1

2f223∂x1 .

Hence, since ∂x1 is parallel, it follows that the non-zero components of the higher order covariant
derivatives of the curvature tensor produce higher order derivatives of f in the direction of ∂x1 .
Moreover, since the inverse of the Walker manifold satisfies

g−1
f =

⎛⎝ −f (x2, x3) 0 1
0 ε 0
1 0 0

⎞⎠ (4.3)

it follows that (g−1
f )(∂x2, ∂x3) = 0 so Mf is VSI as described in Section 2.4.3.This proves Assertion

(1); the other assertions follow similarly. �

4.6 THREE DIMENSIONAL HOMOGENEOUS LORENTZIAN
MANIFOLDS

Suppose that M is a 3 dimensional Riemannian symmetric space. Since the Ricci operator is parallel,
either M has constant sectional curvature or M is locally isometric to a product of a real interval
and a surface of constant scalar curvature. This result only generalizes to the Lorentzian setting in
the special case when the Ricci operator is assumed to be diagonalizable. Let S

m and H
m be the

Lorentzian space forms of dimensionm and of constant sectional curvature +1 and −1, respectively.
Walker geometry enters once again in the following result [67]:

Theorem 4.29. Let M be a simply connected 3 dimensional Lorentzian symmetric space. Then M is
one of the following:

1. A Lorentzian space form S
3, R

3 or H
3.

2. A direct product R × S
2, R × H

2, S
2 × R or H

2 × R.

3. A locally symmetric strict Walker manifold of dimension 3 as described in Section 4.5.

Recall from Section 3.4.3 that a pseudo-Riemannian homogeneous structure on M is a tensor
field T of type (1, 2) such that the connection ∇̄ = ∇ − T satisfies

∇̄g = 0, ∇̄R = 0, ∇̄T = 0. (4.4)

The following result explains the geometric meaning of such structures [122].

Theorem 4.30. Let M be a simply connected complete pseudo-Riemannian manifold. The following
assertions are equivalent:
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1. M admits a homogeneous pseudo-Riemannian structure.

2. M is a reductive homogeneous pseudo-Riemannian manifold (G/H, g).

3. The restriction of the Cartan-Killing form of so(TPM) to the Lie subalgebraμ(h) is non-degenerate
where h denotes the Lie algebra of the isotropy group H and where μ is an appropriately chosen
representation of h.

Recall thatM is said to be locally symmetric if ∇R = 0.Locally symmetric pseudo-Riemannian
manifolds are naturally equipped with the trivial (T = 0) homogeneous structure. Lie groups are
also characterized by possessing a special kind of homogeneous structure as follows [122].

Lemma 4.31. Let M be a simply connected complete pseudo-Riemannian manifold. If M admits a
pseudo-Riemannian homogeneous structure T such that TXY = ∇XY for allX, Y vector fields tangent to
M , then M has a Lie group structure, unique up to isomorphism, and g is left invariant.

Calvaruso [67] used this result to obtain the following description of complete simply con-
nected homogeneous Lorentzian manifolds of dimension 3.

Theorem 4.32. Let M be a 3 dimensional simply connected complete homogeneous Lorentzian manifold.
Then, either M is symmetric, or M is isometric to a 3 dimensional Lie group equipped with a left invariant
Lorentzian metric.

Combining Theorem 4.32 with results of [87, 227] leads to the classification of 3 dimensional
homogeneous Lorentzian manifolds. Moreover 3 dimensional Lorentzian symmetric spaces are now
classified by using previous results on Walker manifolds (cf. Theorem 4.6).

4.6.1 THREE DIMENSIONAL LIE GROUPS AND LIE ALGEBRAS
We recall the material of Section 2.3.1. In order to study 3 dimensional Lie algebras we will make use
of the familiar cross product operation. If u and v are elements of a 3 dimensional vector space which
is equipped with a positive define metric and with a preferred orientation, then the cross product
u× v is defined. This product is bilinear and skew symmetric as a function of u and v. The vector
u× v is orthogonal to both u and v and has length equal to the square root of the determinant
〈u, u〉〈v, v〉 − 〈u, v〉2. Its direction is determined by the requirement that the triple {u, v, u× v} is
positively oriented whenever u and v are linearly independent. The cross product in R

3 corresponds
to the product of imaginary quaternions i × j = k, j × k = i, k × i = j where

i2 = −1, j2 = −1, k2 = −1, ij = −ji = k .

Let {i, j, k} be an orthonormal basis of signature (1, 2) for Minkowski space R
3
1. We then

have i × j = −k, j × k = i, and k × i = j . This is related to the algebra

i2 = 1, j2 = 1, k2 = −1, ij = −ji = k .
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We have the following [201, 227]:

Lemma 4.33. Let G be a connected 3 dimensional Lie group with a positive definite left invariant
metric. Choose an orientation for the Lie algebra of G, so that the cross product is defined. The bracket
product operation in the Lie algebra g of G satisfies [u, v] = L(u× v) where L is a uniquely defined
linear mapping from g to itself;G is unimodular if and only if L is self-adjoint.

We now specialize to the unimodular case. If L is self-adjoint and if G is Riemannian, then
there exists an orthonormal basis {e1, e2, e3} consisting of eigenvectors, Lei = λiei . Replacing e1

by −e1 if necessary, we may assume that the basis {e1, e2, e3} is positively oriented. The bracket
product operation is then given by [e1, e2] = L(e1 × e2) = λ3e3, with similar expression for other
[ei, ej ].Thus we obtain the following normal form,

[e2, e3] = λ1e1, [e3, e1] = λ2e2, [e1, e2] = λ3e3,

for the bracket product operation in a 3 dimensional unimodular Lie algebra with a positive definite
metric. On the other hand, we emphasize that if the metric is Lorentzian, even if L is self-adjoint,
L may have any one of the four Jordan normal forms already discussed for the Ricci operator in
Section 4.3.2.

In the non-unimodular case, we have [87, 201]:

Lemma 4.34. LetG be a connected 3 dimensional Lie group which is not unimodular.

1. If G is Riemannian, there is a basis {e1, e2, e3} for g with structure constants {α, β, γ, δ} with
α + δ = 2 so

[e1, e2] = αe2 + βe3, [e1, e3] = γ e2 + δe3, [e2, e3] = 0.

If we exclude the exceptional case α = δ = 1 and β = γ = 0, then αδ − βγ provides a complete
isomorphism invariant for this Lie algebra.

2. If G is Lorentzian, there is a basis {e1, e2, e3} for g with structure constants {α, β, γ, δ} with
α + δ �= 0 so

[e1, e2] = 0, [e1, e3] = αe1 + βe2, [e2, e3] = γ e1 + δe2 .

Furthermore, one of the following holds:

(a) {e1, e2, e3} is orthonormal with 〈e1, e1〉 = −〈e2, e2〉 = −〈e3, e3〉 = −1 and the structure
constants satisfy αγ − βδ = 0.

(b) {e1, e2, e3} is orthonormal with 〈e1, e1〉 = 〈e2, e2〉 = −〈e3, e3〉 = 1 and the structure con-
stants satisfy αγ + βδ = 0.
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(c) {e1, e2, e3} is an orthonormal basis, αγ = 0, and

〈 · , · 〉 =
⎛⎝ 1 0 0

0 0 −1
0 −1 0

⎞⎠ .

4.7 CURVATURE HOMOGENEOUS
LORENTZIAN MANIFOLDS

Work of [11, 224] shows there exists a universal integer kp,q so that any pseudo-Riemannian man-
ifold of signature (p, q) which is kp,q curvature homogeneous is necessarily locally homogeneous.
In the 2 dimensional setting, 0 curvature homogeneity implies local homogeneity regardless of the
signature. However, in dimension 3, the Riemannian and the Lorentzian settings differ. In the Rie-
mannian context, Sekigawa [232] showed that 1 curvature homogeneity implies local homogeneity
in dimension 3. On the other hand, Bueken and Vanhecke [65] constructed 1 curvature homoge-
neous Lorentzian manifolds which are not locally homogeneous. Bueken and Djorić [64] showed
this result is sharp by showing that a 2 curvature homogeneous Lorentzian manifold of dimension
3 is necessarily locally homogeneous.

The main difference between the Riemannian and Lorentzian cases arises from the different
behavior of the Ricci operator ρ. While ρ is always diagonalizable in the Riemannian setting, in the
Lorentzian case the Ricci operator may take any of the four Jordan normal forms (Ia)–(III) discussed
in Section 4.3.2. It is worth emphasizing here that all the algebraic possibilities for the Ricci operator
can be realized geometrically by a non-homogeneous curvature homogeneous Lorentzian metric of
dimension 3 [72] (except trivially the case (Ia) when the Ricci operator is a multiple of the identity).

The full classification of Lorentzian manifolds of dimension 3 which are curvature homoge-
neous up to order one was obtained by Bueken and Djorić in [64].They proved that there exist exactly
two classes of non-homogeneous 1 curvature homogeneous Lorentzian manifolds of dimension 3
whose Ricci operator has Jordan normal form corresponding to Type Ia and Type II, thus showing
that not all the algebraic possibilities may be realized at the differentiable level in this situation. We
report here their description.

4.7.1 DIAGONALIZABLE RICCI OPERATOR
Non-homogeneous 1 curvature homogeneous Lorentzian metrics in dimension 3 with diagonal-
izable Ricci operator have exactly two distinct Ricci curvatures. They are given by the following
construction [64, 74].



4.7. CURVATURE HOMOGENEOUS LORENTZIAN MANIFOLDS 75

Example 4.35. Let {e1, e2, e3} be a local orthonormal frame for TM where e3 is timelike. Let G
be a constant and let ψ be an arbitrary function. The metric is then described by the relations

[e1, e2] = −e2 − (G+ 2)e3, [e1, e3] = −Ge2 + e3,

[e2, e3] = 2(G+ 1)e1 − ψe2 − ψe3, where e1(ψ) = (G+ 1)ψ .

We have [64, 74]:

Proposition 4.36. Let M be a 3 dimensional Lorentzian manifold with ρ diagonalizable.

1. M is 1 curvature homogeneous but not homogeneous if and only if M is locally as in Example 4.35.

2. Let M be as in Example 4.35.

(a) M is locally homogeneous if and only if ψ is constant.

(b) M is never locally symmetric.

(c) M admits a parallel degenerate line field if and only ifG = −1.

A pseudo-Riemannian manifold M is said to be semi-symmetric if its curvature tensor R
satisfies R(X, Y ) · R = 0, for all vector fieldsX, Y onM . Here, R(X, Y ) acts as a derivation on R.
The curvature tensor of a semi-symmetric manifold at any point is the same as the curvature tensor
of a symmetric space (which may change with the point). A pseudo-Riemannian manifold M is said
to be Ricci semi-symmetric if R(X, Y ) · ρ = 0, for all vector fields X, Y on M , where ρ denotes the
Ricci operator. Clearly, any semi-symmetric space is Ricci semi-symmetric and so, the class of Ricci
semi-symmetric manifolds includes the one of semi-symmetric manifolds. The converse does not
hold in general, but it is true in dimension 3, where the curvature tensor is completely determined by
the Ricci tensor. Note that Ricci semi-symmetry is just the property of curvature-Ricci commuting
(cf. Section 1.4.5). By Proposition 4.36, the Lorentzian metric of Example 4.35 with G = −1 has
Ricci operator ρ = diag[0, b, b] where b = −(e2 + e3)ψ , and thus it is curvature–curvature and
curvature–Ricci commuting (cf. Theorem 4.16).

4.7.2 TYPE II RICCI OPERATOR
A non-homogeneous Lorentzian manifold in dimension 3 which is 1 curvature homogeneous and
has non-diagonalizable Ricci operator must have exactly one single Ricci curvature which is a double
root of the minimal polynomial of ρ [64, 74]. We recall the construction as follows.

Example 4.37. Let {e1, e2, e3} be a local orthonormal basis, with e3 timelike, let θ be a function,
let η = ±1, and let C and D be two constants such that

[e1, e2] = −(θ +D)e2 + η(C − θ)e3, [e1, e3] = η(C + θ)e2 + (θ −D)e3, [e2, e3] = 0 .
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Here e1(θ) = η − 2(C +D)θ , and (e2 + ηe3)(θ) = 0.

The Ricci operator of any metric given by Example 4.37 has a Jordan normal form corre-
sponding to Type II with a single eigenvalue λ = −2D2. We have by [64, 74]:

Proposition 4.38. Let M be a 3 dimensional Lorentzian manifold with ρ of Type II.

1. M is 1 curvature homogeneous but not homogeneous if and only if M locally is as in Example 4.37.

2. Let M be as in Example 4.37.

(a) M is locally homogeneous if and only if either θ is constant, or C = D = 0 and θ satisfies
e1(θ) = η and (e2 + ηe3)(θ) = 0.

(b) M admits a parallel degenerate line field if and only ifD = 0. Moreover, in such a case M is
a strict Walker manifold.

(c) M is never locally symmetric.

We may conclude that any Walker manifold as given by Example 4.37 with D = 0 has a
2-step nilpotent Ricci operator, and thus it is curvature–curvature commuting and curvature–Ricci
commuting (Ricci semi-symmetric) as a consequence of Theorem 4.16. Finally, observe that any
Lorentzian manifold M which is given by Example 4.37 is curvature–Ricci commuting (semi-
symmetric) if and only if D = 0, and thus it is a Walker manifold (cf. [73]).

Remark 4.39. The existence of certain homogeneous structures influences the curvature. The con-
verse is also true. For example, a 3 dimensional manifold is locally symmetric if and only if the Ricci
tensor is parallel.

A close family of homogeneous structures is that of naturally reductive homogeneous structures
(i.e.,TXX = 0 for all vector fieldsX). Moreover, in the Riemannian case any 3 dimensional manifold
whose Ricci tensor is cyclic parallel is locally isometric to a naturally reductive homogeneous space
[222]. Recent examples of Calvaruso show that the above result is not true in the Lorentzian setting.
Indeed, a Lorentzian manifold M which has the form given by Example 4.37 has cyclic parallel
Ricci tensor if and only if C = D while metrics given in Example 4.35 never have cyclic parallel
Ricci tensor [74].
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C H A P T E R 5

Four-Dimensional
Walker Manifolds

5.1 INTRODUCTION
In this Chapter, we shall discuss Walker geometry in dimension 4. We present a brief review of some
of the history of this subject in Section 5.2. Basic facts are presented in Section 5.3 where we discuss
the Levi-Civita connection, geodesic equations, the curvature tensor, the Ricci tensor, the Einstein
equations, self-duality, and anti-self-duality.

Section 5.4 treats para-Hermitian structures.We have seen in Chapter 3 that para-Kaehler and
hyper-symplectic metrics are necessarily of Walker type.This motivates the consideration of Walker
metrics in connection with almost para-Hermitian structures. It is shown that any 4 dimensional
Walker manifold of nowhere zero scalar curvature has a natural almost para-Hermitian structure.
In contrast to the Goldberg-Sachs theorem, if this structure is both self-dual and �-Einstein, it is
symplectic but not necessarily integrable. This is due to the non-diagonalizability of the self-dual
Weyl conformal curvature tensor.The isotropic condition is introduced, Chern classes are discussed,
and self-duality is treated in relation to para-Hermitian geometry.

It is one of the features of Walker geometry in signature (2, 2) that there is a canonical
orientation. Let M be a pseudo-Riemannian manifold of signature (2, 2) which admits a null
parallel distribution D. Let E be any complementary distribution so

TM = D ⊕ E .

If {e1, e2} is any basis for D, we may specify a basis {f1, f2} for E by requiring that g(ei, fj ) = δij .
The orientation corresponding to

e1 ∧ e2 ∧ f1 ∧ f2

is then independent of the choice {e1, e2} and of the complementary distribution chosen. We adopt
this canonical orientation henceforth; it will be crucial in what follows that the notions of self-dual
and anti-self-dual are quite different and are not interchangeable.

5.2 HISTORY
The influence of the curvature on a manifold can be measured in many different ways and it appears
in many different contexts. An example of such influence is the existence of additional structures
on the manifold under certain curvature conditions. This is specially clear in dimension 4 when one
describes the curvature tensor as an endomorphism of �2(M). Since R : �2 → �2 is self-adjoint,
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the existence of distinguished eigenvalues gives rise to locally defined 2 forms and hence, to almost
Hermitian structures. Properties of such structures can be specialized from curvature conditions like
Einstein or locally conformally flat.

Derdzinski [97] showed that any oriented Einstein 4 dimensional manifold whose self-dual
curvature operator is degenerate is naturally equipped with a Hermitian structure which becomes
locally conformally Kaehler on some open dense set where |W+| �= 0. This result was later used
by Apostolov and Gauduchon [14] and extended to the pseudo-Riemannian setting in [12] under
some additional conditions on the diagonalizability of the self-dual Weyl curvature operator.

An additional remark in the pseudo-Riemannian case comes from the fact that the induced
metric on �±(M) has Lorentzian signature, and hence the causal character of the distinguished
eigenspace ofW+ must be considered. Spacelike 2 forms on�−(M) define almost Hermitian struc-
tures while timelike 2 forms on �+(M) define almost para-Hermitian structures. In both cases the
generalized Goldberg-Sachs theorem holds under the diagonalizability assumption on the corre-
sponding Weyl operators [12, 173]. Recently it has been shown in [91] that the diagonalizability
of the self-dual Weyl operator cannot be removed by constructing explicit examples of self-dual
Einstein 4 dimensional manifolds whose self-dual curvature operator is degenerate and the asso-
ciated almost para-Hermitian structure is never integrable but symplectic. Walker metrics are the
underlying structure behind such phenomena as discussed in Section 5.4.

We also refer to related work in [79, 108, 124].

5.3 FOUR-DIMENSIONAL WALKER MANIFOLDS
As we have seen in Section 4.3.1, the Walker coordinates introduced in Section 3.3 become simpler
when the null r-plane D has maximum dimensionality. Since dim D = r ≤ m

2 , two cases occur
depending on whetherm is odd or even. We have devoted Chapter 4 to the study of the casem = 3,
we now turn our attention to the case m = 4. We begin with the following general result [255]:

Theorem 5.1. A canonical form for a 2n dimensional pseudo-Riemannian manifold M admitting a
parallel field of null n dimensional planes D is given by the metric tensor:

(gij ) =
(

0 Idn
Idn B

)
where Idn is the n× n identity matrix and B is a symmetric n× n matrix whose entries are functions of
the coordinates (x1, . . . , x2n).

We note that if the null n-plane is strictly parallel, then the entries of B in the previous
theorem can be chosen to be independent of the coordinates (x1, . . . , xn) [255] – we also refer to
Theorem 3.2).We focus on the geometry of 4 dimensional pseudo-Riemannian manifolds admitting
a parallel degenerate 2 dimensional plane field, i.e., the simplest even dimensional Walker manifold
admitting a null parallel plane of maximum dimensionality. Due to Theorem 5.1, in this case the
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Walker coordinates in Section 3.3 can be further specialized. We adopt the following notation for
the remainder of this book.

Example 5.2. Let O be an open subset of R
4. Let a, b, c ∈ C∞(O) be smooth functions on O.

We set Ma,b,c := (O, ga,b,c) where

ga,b,c := 2(dx1 ◦ dx3 + dx2 ◦ dx4)+ a(x1, x2, x3, x4)dx3 ◦ dx3

+ b(x1, x2, x3, x4)dx4 ◦ dx4 + 2c(x1, x2, x3, x4)dx3 ◦ dx4 .

A straightforward calculation shows

Theorem 5.3. The Christoffel symbols of Ma,b,c are given by:

∇∂x1 ∂x3 = 1
2a1∂x1 + 1

2c1∂x2 , ∇∂x1 ∂x4 = 1
2c1∂x1 + 1

2b1∂x2 ,

∇∂x2 ∂x3 = 1
2a2∂x1 + 1

2c2∂x2 , ∇∂x2 ∂x4 = 1
2c2∂x1 + 1

2b2∂x2 ,

∇∂x3 ∂x3 = 1
2 (aa1 + ca2 + a3)∂x1 + 1

2 (ca1 + ba2 − a4 + 2c3)∂x2 − a1
2 ∂x3 − a2

2 ∂x4 ,

∇∂x3 ∂x4 = 1
2 (a4 + ac1 + cc2)∂x1 + 1

2 (b3 + cc1 + bc2)∂x2 − c1
2 ∂x3 − c2

2 ∂x4 ,

∇∂x4 ∂x4 = 1
2 (ab1 + cb2 − b3 + 2c4)∂x1 + 1

2 (cb1 + bb2 + b4)∂x2 − b1
2 ∂x3 − b2

2 ∂x4 .

The following is now immediate:

Lemma 5.4. A curve γ (t) = (x1(t), x2(t), x3(t), x4(t)) in Ma,b,c is a geodesic if and only if the
following equations are satisfied:

0 = ẍ1 + ẋ1ẋ3a1 + ẋ1ẋ4c1 + ẋ2ẋ3a2 + ẋ2ẋ4c2 + 1
2 ẋ3ẋ3(a3 + ca2 + aa1)

+ẋ3ẋ4(a4 + cc2 + ac1)+ 1
2 ẋ4ẋ4(2c4 − b3 + cb2 + ab1),

0 = ẍ2 + ẋ1ẋ3c1 + ẋ1ẋ4b1 + ẋ2ẋ3c2 + ẋ2ẋ4b2 + 1
2 ẋ3ẋ3(2c3 − a4 + ba2 + ca1)

+ẋ3ẋ4(b3 + bc2 + cc1)+ 1
2 ẋ4ẋ4(b4 + bb2 + cb1),

0 = ẍ3 − 1
2 ẋ3ẋ3a1 − ẋ3ẋ4c1 − 1

2 ẋ4ẋ4b1, 0 = ẍ4 − 1
2 ẋ3ẋ3a2 − ẋ3ẋ4c2 − 1

2 ẋ4ẋ4b2.

Henceforth, we shall only give the (possibly) non-zero components of various tensors up to the
usual Z2 symmetries. We have

Theorem 5.5.

1. The curvature tensor of Ma,b,c is given by:

R1313 = 1
2a11, R1314 = 1

2c11, R1323 = 1
2a12, R1324 = 1

2c12, R1424 = 1
2b12,
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R1334 = − 1
4 (−a2b1 + c1c2 + 2a14 − 2c13), R1414 = 1

2b11, R1423 = 1
2c12,

R1434 = − 1
4

(−c2
1 + a1b1 − b1c2 + b2c1 − 2b13 + 2c14

)
, R2323 = 1

2a22,

R2334 = − 1
4

(
c2

2 − a2b2 − a1c2 + a2c1 + 2a24 − 2c23
)
, R2424 = 1

2b22,

R2324 = 1
2c22,

R2434 = − 1
4 (a2b1 − c1c2 − 2b23 + 2c24),

R3434 = − 1
4

(−ac2
1 − bc2

2 + aa1b1 + ca1b2 − a1b3 + 2a1c4 + ca2b1 + ba2b2 + a2b4

+a3b1 − a4b2 − 2a4c1 + 2b2c3 − 2b3c2 − 2cc1c2 − 2a44 − 2b33 + 4c34).

2. The Ricci tensor and the scalar curvature of Ma,b,c are given by:

ρ13 = 1
2 (a11 + c12), ρ14 = 1

2 (b12 + c11), ρ23 = 1
2 (a12 + c22),

ρ24 = 1
2 (b22 + c12),

ρ33 = 1
2 (−c2

2 + a1c2 + a2b2 − a2c1 + aa11 + 2ca12 + ba22 + 2c23 − 2a24),

ρ34 = 1
2 (−a2b1 + c1c2 + a14 + b23 + ac11 + 2cc12 − c13 + bc22 − c24),

ρ44 = 1
2 (−c2

1 + a1b1 − b1c2 + b2c1 + ab11 + 2cb12 − 2b13 + bb22 + 2c14),

τ = a11 + b22 + 2c12.

3. Let ρ0 := ρ − τ
4ga,b,c be the trace free Ricci tensor of Ma,b,c.

(ρ0)13 = −(ρ0)24 = (ρ0)31 = −(ρ0)42 = 1
4 (a11 − b22),

(ρ0)14 = (ρ0)41 = 1
2 (b12 + c11), (ρ0)23 = (ρ0)32 = 1

2 (a12 + c22),

(ρ0)33 = 1
4

(
2a1c2 + 2a2b2 − 2a2c1 − 2c2

2 + aa11

+4ca12 + 2ba22 − 4a24 − ab22 − 2ac12 + 4c23),

(ρ0)34 = (ρ0)43 = 1
4 (−2a2b1 + 2c1c2 − ca11 + 2a14 − cb22

+2b23 + 2ac11 + 2cc12 − 2c13 + 2bc22 − 2c24),

(ρ0)44 = 1
4

(
2a1b1 − 2b1c2 + 2b2c1 − 2c2

1 − ba11

+2ab11 + 4cb12 − 4b13 + bb22 − 2bc12 + 4c14).

4. Ma,b,c is Einstein if and only if
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a11 − b22 = 0, b12 + c11 = 0, a12 + c22 = 0,

a1c2 + a2b2 − a2c1 − c2
2 + 2ca12 + ba22 − 2a24 − ac12 + 2c23 = 0,

a2b1 − c1c2 + ca11 − a14 − b23 − ac11 − cc12 + c13 − bc22 + c24 = 0,

a1b1 − b1c2 + b2c1 − c2
1 + ab11 + 2cb12 − 2b13 − bc12 + 2c14 = 0.

The PDE system in Theorem 5.5 (4) is hard to handle and only partial solutions are known
for some special classes of Walker manifolds as will be considered in Chapters 7 and 8. LetW denote
the Weyl conformal curvature tensor of Equation (1.10). An orthonormal basis can be specialized
by using the canonical coordinates as follows:

e1 := 1
2 (1 − a)∂x1 + ∂x3, e2 := −c∂x1 + 1

2 (1 − b)∂x2 + ∂x4,

e3 := − 1
2 (1 + a)∂x1 + ∂x3, e4 := −c∂x1 − 1

2 (1 + b)∂x2 + ∂x4 .
(5.1)

Let e1 ∧ e2 ∧ e3 ∧ e4 orient M and let {E±
i } be as in Equation (1.12); this gives the canonical

orientation of a Walker manifold of signature (4, 4). We adopt the notation of Equation (1.13).

Theorem 5.6. The components ofW− for Ma,b,c are given by

W−
11 = 1

12 (a11 + 3a22 + 3b11 + b22 − 4c12), W−
22 = 1

6 (a11 + b22 − 4c12),

W−
33 = − 1

12 (a11 − 3a22 − 3b11 + b22 − 4c12), W−
12 = − 1

4 (a12 + b12 − c11 − c22),

W−
13 = − 1

4 (a22 − b11), W−
23 = 1

4 (a12 − b12 + c11 − c22).

A complete description of self-dual Walker manifolds was obtained in [95, 106] after inte-
grating the PDE system in Theorem 5.6. This yields:

Theorem 5.7. Ma,b,c is self-dual if and only if

a = x3
1A(x3, x4)+ x2

1B(x3, x4)+ x2
1x2C(x3, x4)+ x1x2D(x3, x4)

+x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = x3
2C(x3, x4)+ x2

2E(x3, x4)+ x1x
2
2A(x3, x4)+ x1x2F(x3, x4)

+x1S(x3, x4)+ x2T (x3, x4)+ η(x3, x4),

c = 1
2x

2
1F(x3, x4)+ 1

2x
2
2D(x3, x4)+ x2

1x2A(x3, x4)+ x1x
2
2C(x3, x4)
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+ 1
2x1x2(B(x3, x4)+ E(x3, x4))+ x1U(x3, x4)+ x2V (x3, x4)+ γ (x3, x4).

We refer to Theorem 6.21 for a coordinate free description of self-dual Walker manifolds in
terms of modified Riemannian extensions. Anti-self-dual Walker manifolds are much more difficult
to describe. They have vanishing scalar curvature and their structure is, in some sense, richer than
in the self-dual case. This uses the fact that the anti-self-dual Weyl curvature operator W− allows
complex eigenvalues (which may be constant for suitable Walker manifolds) [52]. We adopt the
notation of Equation (1.13).

Theorem 5.8. Let M = Ma,b,c.

1. The eigenvalues ofW+ are τ
{
− 1

6 ,
1

12 ,
1

12

}
.

2. The components ofW+ are given by:

W+
11 = − 1

12 (6ca1b2 − 6a1b3 − 6ba1c2 + 12a1c4 − 6ca2b1 + 6a2b4

+6ba2c1 + 6a3b1 − 6a4b2 − 12a4c1 + 6ab1c2 − 6ab2c1

+12b2c3 − 12b3c2 − a11 − 12c2a11 − 12bca12 + 24ca14

−3b2a22 + 12ba24 − 12a44 − 3a2b11 + 12ab13 − b22

−12b33 + 12acc11 − 2c12 + 6abc12 − 24cc13 − 12ac14

−12bc23 + 24c34),

W+
12 = W+

23 = − 1
4 (−2ca11 − ba12 + 2a14 + ab12 − 2b23 + ac11

−2cc12 − 2c13 − bc22 + 2c24),

W+
22 = τ

6 , W+
33 = W+

11 − τ
6 , W+

13 = W+
11 − τ

12 .

An explicit integration of the equations in Theorem 5.8 seems difficult. Partial results are
however known for special families of Walker manifolds [111, 112]. By Theorem 5.8:

(W+ + τ
6 Id) · (W+ − τ

12 Id) = 1
48 (τ

2 − 12τW+
11 + 48(W+

12)
2)

⎛⎝ −1 0 −1
0 0 0
1 0 1

⎞⎠ .

Corollary 5.9. Let M = Ma,b,c.

1. If τ �= 0, then
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(a) W+ has non-zero eigenvalues
{− τ

6 ,
τ
12 ,

τ
12

}
.

(b) τ 2 − 12τW+
11 + 48

(
W+

12

)2 = 0 if and only ifW+ is diagonalizable.

2. If τ = 0, thenW+ vanishes if and only ifW+
11 = W+

12 = 0.

Remark 5.10. Assertion (1) gives necessary and sufficient conditions for the diagonalizability of
W+. If τ = 0, then W+ is a 2-step nilpotent operator if and only if W+

11 �= 0 and W+
12 = 0, while

W+ is a 3-step nilpotent operator if and only if W+
12 �= 0. We once again emphasize that signature

(2, 2) Walker manifolds inherit natural orientations and one can not interchange the notions of
self-dual and of anti-self dual.

5.4 ALMOST PARA-HERMITIAN GEOMETRY
This section contains joint work with A. Cortés-Ayaso and J. C. Díaz-Ramos [91]. Let Ma,b,c be
the Walker manifold of Example 5.2. The fact that para-Kaehler and hyper-symplectic metrics are
necessarily of Walker type motivates the consideration of these metrics in connection with almost
para-Hermitian structures. Moreover, as Theorem 5.8 shows, the self-dual Weyl curvature operator
of any Walker manifold of non-zero scalar curvature has a distinguished eigenvalue. Metrics with
such property have been broadly investigated in connection with the so-called Goldberg-Sachs
Theorem [12, 14, 97, 173], which ensures the integrability of certain almost Hermitian or almost
para-Hermitian structures under suitable curvature conditions. As we will show in this section, the
diagonalizability of the self-dual curvature operator plays a fundamental role in such results.

After replacing the manifold Ma,b,c by a 2-fold covering if necessary, it follows that the
(− 1

6τ)-eigenspace of W+ is generated by a globally defined self-dual 2 form. We take as generator
the 2 form

� = − 8W+
12

τ
√

2
E+

1 + √
2E+

2 + 8W+
12

τ
√

2
E+

3 ;
〈�,�〉 = −2 with respect to the induced metric on �+. Hence, it gives rise to an almost para-
Hermitian structure J ∈ End(TM) which is characterized by the identity:

g(X, JY ) = �(X, Y ) for all X, Y .

The structure J has the following matrix representation with respect to the frame {e1, e2, e3, e4} of
Equation (5.1):

J =

⎛⎜⎜⎝
0 − 4

τ
W+

12 −1 − 4
τ
W+

12
4
τ
W+

12 0 4
τ
W+

12 −1
−1 4

τ
W+

12 0 4
τ
W+

12
− 4
τ
W+

12 −1 − 4
τ
W+

12 0

⎞⎟⎟⎠ .
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From here, it is easy to check that J 2 = Id and g(JX, JY ) = −g(X, Y ) for all vectors X and Y . In
what follows we will refer to J as the almost para-Hermitian Walker structure on Ma,b,c; it is globally
defined on any Walker manifold with nowhere zero scalar curvature. In Theorem 5.13, we discuss
this structure in further detail.

Remark 5.11. A coordinate description of the almost para-Hermitian Walker structure and the
associated 2 form is given by:

J =

⎛⎜⎜⎝
1 0 a 2c − 4

τ
W+

12
0 1 4

τ
W+

12 b

0 0 −1 0
0 0 0 −1

⎞⎟⎟⎠ , (5.2)

� = −dx1 ∧ dx3 − dx2 ∧ dx4 +
(
c − 4

τ
W+

12

)
dx3 ∧ dx4 .

5.4.1 ISOTROPIC ALMOST PARA-HERMITIAN STRUCTURES
We recall from Section 2.5.1 that (M, g, J ) is almost Kaehler if d� = 0. We say that a para-
Hermitian structure (g, J ) is an isotropic para-Kaehler structure if |∇J |2 = 0 (equivalently, one has
that |∇�|2 = 0) but ∇J �= 0 [131]. The existence of isotropic Kaehler structures was discussed
previously [28,93] in connection with the Goldberg Conjecture in the pseudo-Riemannian situation.
This is closely related to the existence of Einstein and �-Einstein almost Kaehler structures that are
not Kaehler.

Example 5.12. Let C̃ := (O, ga,b,c, J )where (O, ga,b,c) is as in Example 5.2 and where J is given
by Equation (5.2), i.e.,

ga,b,c := 2(dx1 ◦ dx3 + dx2 ◦ dx4)+ a(x1, x2, x3, x4)dx3 ◦ dx3

+ b(x1, x2, x3, x4)dx4 ◦ dx4 + 2c(x1, x2, x3, x4)dx3 ◦ dx4,

J =

⎛⎜⎜⎝
1 0 a 2c − 4

τ
W+

12
0 1 4

τ
W+

12 b

0 0 −1 0
0 0 0 −1

⎞⎟⎟⎠ .

Theorem 5.13. C̃ is an isotropic para-Kaehler, isotropic almost para-Kaehler and isotropic para-
Hermitian manifold, that is |∇�|2 = |d�|2 = |NJ |2 = 0.

Remark 5.14. We emphasize that although ∇�, d� and NJ are isotropic, these tensor fields need
not vanish. If f := 4

τ
W+

12, then one has:
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1. � is symplectic (equivalently, C̃ is almost para-Kaehler) if and only if c + f does not depend
on x1 and x2.

2. J is integrable (equivalently, C̃ is para-Hermitian) if and only if

(a) (2c1 + f1)a − ba2 − 2ca1 − (a1 + 2c2 + f2)f + a4 − 4c3 − 2f3 = 0.

(b) ab1 + bf2 + 2cf1 + (f1 − b2)f − 2b3 − 2f4 = 0.

Moreover, C̃ is para-Kaehler if and only if the conditions in (1) and (2) above are satisfied.

5.4.2 CHARACTERISTIC CLASSES
Let M be a compact 4 dimensional manifold. Let L[M] be the Hirzebruch signature of M and let
χ [M] be the Euler characteristic of M . The Hitchin-Thorpe inequalities for Riemannian Einstein
manifolds have been generalized [188] to yield the following inequality if M is a compact Einstein
manifold of signature (2, 2):

3
2 |L[M]| ≤ χ [M] .

Walker manifolds of nowhere zero scalar curvature admit almost anti-Hermitian structures, and
hence the corresponding odd Chern numbers vanish [42, 45], thus providing examples where the
equality is attained.

Theorem 5.15. Let C̃ be as in Example 5.12. If τ is nowhere zero, then 3
2L[M] = −χ [M].

Osserman manifolds are Einstein, and thus the Euler characteristic χ [M] and the Hirzebruch
signature L[M] can be expressed as follows [187]:

χ [M] = − 1

8π2

∫
M

{
Tr[(W+)2] + Tr[(W−)2] + τ 2

24

}
,

L[M] = 2

3

1

8π2

∫
M

{Tr[(W+)2] − Tr[(W−)2]}.
(5.3)

Observe from Equation (5.3) that the Euler characteristic of any compact Einstein metric of signature
(2, 2) is non-positive, provided that W± are not of Type Ib. Moreover, since Osserman metrics are
self-dual or anti-self-dual, a detailed examination of Equation (5.3) using Theorem 5.15 shows the
following result [49]:

Theorem 5.16. Let M be a compact Jordan Osserman manifold of signature (2, 2). Then either M has
constant sectional curvature or the Jacobi operator of M is either a 2 or a 3-step nilpotent operator.
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Further observe that the Jordan normal form of the Jacobi operator may change from point
to point in an Osserman manifold. Hence, we have:

Theorem 5.17. Let M be a compact Osserman manifold of signature (2, 2). Then L[M] = 0 and
the Jacobi operator has only one eigenvalue, which may be a single, double or triple root of the minimal
polynomial. Moreover,χ [M] ≤ 0, and χ [M] = 0 if and only if the Jacobi operator is a nilpotent operator.

5.4.3 SELF-DUAL WALKER MANIFOLDS
Let ρ� and τ � be defined by Equation (1.9):

ρ�ij := −gk�R(ek, ei, J ej , J e�) and τ � := gijρ�ij = Tr{ρ�} .

An almost para-Hermitian structure is said to be weakly �-Einstein if ρ� = 1
4 (τ

�)g. Furthermore, if
the �-scalar curvature is constant, the structure is called �-Einstein.

Theorem 5.18. Assume that the manifold C̃ of Example 5.12 is self-dual so (a, b, c) have the form of
Theorem 5.7. Then:

1. C̃ is weakly �-Einstein if and only if

a = x2
1B(x3, x4)+ x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = x2
2B(x3, x4)+ x1S(x3, x4)+ x2T (x3, x4)+ η(x3, x4),

c = x1x2B(x3, x4)+ x1U(x3, x4)+ x2V (x3, x4)+ γ (x3, x4).

2. C̃ is �-Einstein if and only if B is constant.

3. If C̃ is �-Einstein, then C̃ is almost para-Kaehler.

Remark 5.19. Recall that the para-holomorphic sectional curvature K(X) which is associated with
a non-null tangent vector field X is, by definition, the sectional curvature of the 2-plane given by
setting π := Span{X, JX}, that is,

K(X) = K(π) := −g(R(JX,X)X, JX)/g(X,X)2 .
We use Theorem 5.18 to see that the para-holomorphic sectional curvature of any weakly �-Einstein
self-dual Walker manifold satisfies K(X) = B, and thus it is pointwise constant, and globally con-
stant if C̃ is further assumed to be �-Einstein.
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Remark 5.20. Einstein self-dual Walker manifolds have been studied in [106] in connection with
the Osserman problem. It follows immediately from the results in [106] that any self-dual Einstein
Walker manifold which is not Ricci flat is �-Einstein, and thus symplectic. Moreover, the almost
para-Hermitian Walker structure is never integrable unless it corresponds to a para-complex space
form (since the Bochner curvature tensor vanishes due to W− = 0) [61].

Example 5.21. Four dimensional para-Kaehler manifolds of non-zero constant para-holomorphic
sectional curvature are locally described by the para-Kaehler Walker structure J on Ma,b,c (see
Theorem 3.14) with

a = αx2
1 , b = αx2

2 , c = αx1x2 .

The self-dual Weyl curvature operator of this manifold is diagonalizable.

Remark 5.22. The metrics of Theorem 5.18 (1) can be described in terms of modified Riemannian
extensions – see Equation (3.3). Consequently, such a manifold is locally isometric to a metric
gD,φ,T ,Id on the cotangent bundle T ∗ of an affine surface  . Here D and φ are a torsion free
connection and a symmetric (0, 2) tensor field chosen arbitrarily on  , and T is a multiple of the
identity given by T = B Id.
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C H A P T E R 6

The Spectral Geometry of the
Curvature Tensor

6.1 INTRODUCTION
This chapter deals almost exclusively with the signature (2, 2) setting. We introduce the history
of the subject in Section 6.2. In Section 6.3, we discuss some general results concerning Jordan
Osserman manifolds. Let M be a Jordan Osserman manifold of signature (2, 2). The possible
curvature tensors are classified by Theorem 1.18. If the Jacobi operator is diagonalizable (Type Ia),
then M is locally isometric to a real space form, to a complex space form, or to a para-complex space
form [32]. Furthermore, the Jacobi operator can not have complex eigenvalues; thus M is not Type
Ib. If M is locally symmetric, then either the Jacobi operator is Type Ia or the Jacobi operator is a
nilpotent operator of Type II. There are many examples of Jordan Osserman manifolds which are
not symmetric and which have nilpotent Jacobi operators of order 2 or 3. Type II Osserman metrics
which are not nilpotent are presented.

In Section 6.4, we examine Walker manifolds which are both Osserman and Ivanov–Petrova.
We show that such a manifold has either constant sectional curvature or a 2-step nilpotent Jacobi
operator. Let gD,φ be the twisted Riemannian extension given by Equation (3.4). In Section
6.5, we consider the case when M is an affine surface. Affine surfaces with skew symmetric Ricci
tensor or with symmetric and degenerate Ricci tensor are studied and Riemannian extensions with
commuting curvature operators are analyzed. Finally, curvature commuting Walker 4 dimensional
manifolds which are not Riemannian extensions are treated.

6.2 HISTORY
To a large extent, the geometry of a pseudo-Riemannian manifold M is the study of the curvature
R ∈ ⊗4T ∗M which is defined by the Levi-Civita connection ∇. Since the whole curvature tensor is
difficult to handle, the investigation usually focuses on different objects whose properties allow one
to obtain information concerning the full curvature tensor. Any two-point homogeneous space is
Osserman and the converse is true in the Riemannian (dimM �= 16) [83, 208, 209] and Lorentzian
[30, 128] settings. However, there exist many Osserman pseudo-Riemannian metrics in other signa-
tures [130, 137] which are not symmetric spaces. In particular, the 4 dimensional globally Osserman
manifolds are classified except those Osserman metrics in signature (2, 2) whose Jacobi operator is
a nilpotent operator [32, 101, 106, 134].

There are many Osserman algebraic curvature tensors which cannot be realized geometrically
by an Osserman manifold [32, 136], although they can be realized geometrically at a given point
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[130, 137] by a pseudo-Riemannian manifold which is not Osserman. Although the Jacobi operator
is probably the most natural operator associated to the curvature tensor, there is some important
geometrical information encoded by other operators such as the skew symmetric curvature operator
or the higher order Jacobi operator [137]. Moreover, not only the Riemann curvature tensor has
been used as a starting object to define curvature operators [129]. The Szabó operator is defined by
the covariant derivative of the curvature. The conformal Jacobi operator [33, 37] is defined by the
Weyl conformal curvature tensor. Note that any Lorentzian or any odd dimensional Riemannian
conformally Osserman manifold is locally conformally flat.

The skew symmetric curvature operator can be regarded as the part of the curvature tensor
describing the behavior of circles [171]. Geodesics and circles are classical objects in geometry and
physics [3, 4, 18, 186], the latter being preserved by Möbius transformations and thus related to
the conformal structure (note that Möbius transformations constitute a special class of conformal
transformations characterized by preserving the eigenspaces of the Ricci operator).

6.3 FOUR-DIMENSIONAL OSSERMAN METRICS
The Osserman algebraic curvature tensors are classified in Theorems 1.18 and 1.20. At the geometric
level, Type Ia Osserman metrics correspond to real, complex and para-complex space forms, Type
Ib Osserman metrics do not exist [32] and Types II and III Osserman metrics with Jacobi operator
which is not a nilpotent operator have recently been classified in [106] and [101], respectively.
Further, note that any Type II Osserman manifold whose Jacobi operator has non-zero eigenvalues
is necessarily a Walker manifold.

6.3.1 OSSERMAN METRICS WITH DIAGONALIZABLE JACOBI OPERATOR
Let M be a pseudo-Riemannian manifold of signature (2, 2). Then M is pointwise Osserman if
and only if it is Einstein and self-dual or anti-self-dual [8, 157]. Furthermore, Theorem 1.18 shows
that any 4 dimensional Jordan Osserman metric is curvature homogeneous.

To decide which Osserman algebraic curvature tensors in Theorem 1.18 are realizable by
Osserman manifolds, we consider the equivalent class of Einstein self-dual metrics in dimension 4.
In such a case, the curvature operator decomposes as

R ≡ τ

12
Id�2 +

(
W+ 0

0 0

)
,

and hence, all information is encoded by the self-dual Weyl curvature operator W+. Since W+ is
traceless, the non-trivial cases correspond to self-dual Einstein metrics whose self-dual Weyl operator
has exactly two or three distinct eigenvalues. (Otherwise W+ vanishes identically and the metric is
Einstein and conformally flat and hence of constant sectional curvature).

Assume the self-dual Weyl curvature operator has exactly two distinct eigenvalues and let
� denote an eigenvector corresponding to the distinguished eigenvalue. Due to the fact that the
induced metric on �+ is of Lorentzian signature, one scales � so that 〈�,�〉 = ±2. Next, observe
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that spacelike � gives rise to opposite indefinite almost Hermitian structures (g, J ) while timelike
� defines almost para-Hermitian structures (g, J̃ ). Generalizations of the Goldberg-Sachs Theo-
rem [12, 173] (see also [97]) now show that such structures are indeed locally conformally Kaehler
(resp. para-Kaehler) with conformal factor (24〈W+,W+〉)1/3. The Osserman condition shows this
conformal factor is constant. Therefore, the structures associated to � are Kaehler (with respect to
the opposite orientation) or para-Kaehler, depending on the causality of �. Once again,W− = 0 is
equivalent to the vanishing of the Bochner curvature tensor [61], and thus the metric corresponds
either to an indefinite complex space form or to a para-complex space form.

We use results of [97] to see that the final case where the self-dual Weyl curvature operator has
three distinct eigenvalues can not occur. We argue as follows. Let �i be orthogonal eigenvectors of
W+ corresponding to the different eigenvalues λi . Since the subbundles�± are parallel, we may use
the second Bianchi identity to see δW+ = 0. It now follows that either at least two of the eigenvalues
λi are equal (which is a contradiction) or otherwise �i ’s are parallel for all i and thus (�1, �2, �3)

defines a hyper-Kaehler or hyper-symplectic structure, which is also a contradiction.
We note that pointwise Osserman manifolds of signature (2, 2) need not be curvature homo-

geneous; the Jordan normal form of the Jacobi operator may change from point to point [43, 130].
However, if the Jacobi operator of a 4 dimensional Osserman metric has a complex eigenvalue, then
the Jordan normal form must remain constant on the whole manifold, and thus M is curvature
homogeneous. Moreover, note that the same occurs for the self-dual Weyl curvature operator.

Curvature homogeneous Einstein metrics of dimension 4 whose Weyl curvature operator is
complex diagonalizable have been completely classified [99]. These manifolds are locally homo-
geneous – they are either locally symmetric, or they are locally isometric to a Lie group with a
left invariant metric of a specific type. A remarkable fact of such Lie groups is that the restric-
tion of the curvature operator R : �2 → �2 to the spaces of self-dual and anti-self-dual forms
R± : �± → �± has constant eigenvalues λ, λe2πi/3, λe4πi/3 with λ ∈ R − {0}. This shows that
none of such metrics may be self-dual, and hence no 4 dimensional Osserman metric may have
Jacobi operator corresponding to Type Ib.

6.3.2 OSSERMAN WALKER TYPE II METRICS
Assume M is Jordan Osserman Type II in the classification of Theorem 1.18. Then M is Ricci flat
if and only if α = β = 0. Moreover, if M has a Jacobi operator which is not a nilpotent operator,
then α = 4β �= 0 and M admits a local parallel field of 2 dimensional planes. Thus, M is a Walker
manifold.

We now discuss joint work with J.C.Díaz-Ramos [106].We adopt the notation of Example 5.2
to define M = Ma,b,c and use the curvature classification of Theorem 1.18. We begin with:

Theorem 6.1. Let M be a 4 dimensional Type II Jordan Osserman manifold where the Jacobi operator
is not a nilpotent operator. Then M is locally isometric to a manifold Ma,b,c as described in Example 5.2
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where

a =x2
1
τ
6 + x1P+ x2Q+ 6

τ
{Q(T −U)+ V (P−V )− 2(Q4−V3)} ,

b =x2
2
τ
6 + x1S+ x2T + 6

τ
{S(P−V )+ U(T −U)− 2(S3−U4)} ,

c =x1x2
τ
6 + x1U+ x2V + 6

τ
{−QS + UV + T3 − U3 + P4 − V4} .

Here P ,Q, S, T ,U , and V are arbitrary functions of the coordinates (x3, x4) and the scalar curvature τ
is non-zero.

If M is Type II Jordan Osserman with Jacobi operator not a nilpotent operator, then M is
locally a Walker manifold, and it is Einstein and either self-dual or anti-self-dual. We adopt the
notation of Section 5.3.The anti-self-dual case plays no role so we concentrate on the self-dual case.
We integrate the Einstein equations and use Theorem 5.7 and Corollary 5.9 to examine self-dual
Walker Osserman metrics. The cases where the scalar curvature vanishes and where it does not
vanish are quite different.

Theorem 6.2. Let M = Ma,b,c be as in Example 5.2. Set

E := τ 2 − 12τW+
11 + 48

(
W+

12

)2
.

The manifold M is pointwise Osserman self-dual with τ �= 0 if and only if there exist functions
{P,Q, S, T ,U, V } of (x3, x4) so

a = x2
1
τ
6 + x1P + x2Q+ 6

τ
{Q(T − U)+ V (P − V )− 2(Q4 − V3)} ,

b = x2
2
τ
6 + x1S + x2T + 6

τ
{S(P − V )+ U(T − U)− 2(S3 − U4)} ,

c = x1x2
τ
6 + x1U + x2V + 6

τ
{−QS + UV + T3 − U3 + P4 − V4} .

In this setting

1. The Jacobi operator of M has eigenvalues {0, τ6 , τ24 ,
τ
24 }.

2. The Jacobi operator of M is diagonalizable if and only if E = 0.

3. If E never vanishes, then M is Jordan Osserman Type II.

Remark 6.3. In Theorem 6.22, we will present a result which relates Type II Osserman manifolds
with non-zero scalar curvature and modified Riemannian extensions. A geometric interpretation
of the differential equations in Theorem 6.4 will be given in Section 6.5.1 where it is shown that
such metrics correspond to twisted Riemannian extensions of torsion free connections with skew
symmetric Ricci tensor (cf. Theorem 6.20).
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Theorem 6.4. The manifold M = Ma,b,c of Example 5.2 is pointwise Osserman self-dual with
τ = 0 if and only if there are functions {P,Q, S, T ,U, V, ξ, η, γ } of (x3, x4) so

a = x1P + x2Q+ ξ, b = x1S + x2T + η, c = x1U + x2V + γ ,
where we have the relations:

2(Q4 − V3) = Q(T − U)+ V (P − V ),
2(S3 − U4) = S(P − V )+ U(T − U),
T3 − U3 + P4 − V4 = QS − UV .

In this setting, we have:

1. M is Type Ia if and only if T3 + U3 − P4 − V4 = 0 andW+
11 = 0.

2. M is Type II if and only if T3 + U3 − P4 − V4 = 0 andW+
11 �= 0.

3. M is Type III if and only if T3 + U3 − P4 − V4 �= 0.

We have the following characterization of Jordan Osserman Walker manifolds. Recall that
the Jacobi operator of any Jordan Osserman 4 dimensional manifold has either one single eigenvalue
α = τ

12 or two distinct eigenvalues α, β such that α = 4β [32]. Now, since a necessary condition for
a Walker manifold to be anti-self-dual is τ = 0, one has

Theorem 6.5. Let M be a Jordan Osserman Walker manifold of signature (2, 2).

1. If the Jacobi operator is diagonalizable, then either M is flat or M is locally isometric to a para-
complex space form.

2. If the Jacobi operator is not diagonalizable, then either the Jacobi operator is a 2-step or a 3-step
nilpotent operator, or the metric ga,b,c is given as in Theorem 6.1.

Remark 6.6. The Osserman manifolds of Theorem 6.2 are naturally equipped with an almost
para-Kaehler structure (cf. Section 5.4 and Theorem 5.18). However, the underlying almost para-
complex structure is not integrable unless the Jacobi operator is diagonalizable and the metric is
locally isometric to a para-complex space form.

Remark 6.7. Any anti-self-dual Jordan Osserman Walker manifold necessarily has nilpotent Jacobi
operator. Despite the fact that many nilpotent Jordan Osserman metrics are known, none of the
previous examples are anti-self-dual but all of them correspond to special cases of Theorem 6.4. The
general expression ofW+

11 in Theorem 5.8 makes it quite intractable and hence it is very difficult to
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obtain the general form of anti-self-dual Walker manifolds. However, if a = b = c in Example 5.2,
anti-self-dual Einstein metrics are characterized by

a11 = a22 = −a12, a13 = a14, a23 = a24, a33 + a44 = 2a34.

Now, it follows after some calculations that such a metric is given by

a = (x2 − x1)P (x2 − x1, x3 + x4)+ (x1 + x2)α(x3 + x4)

+ x3β(x3 + x4)+ x4γ (x3 + x4)+ δ(x3 + x4) .

This defines an Osserman anti-self-dual Walker manifold whose Jacobi operator vanishes or is a
2-step nilpotent operator, depending on whether 2P1 + (x2 − x1)P11 is zero or not, for any function
P depending on two variables and any single variable functions α, β, γ and δ.

Remark 6.8. Note that any Type III Jordan Osserman Walker manifold is Ricci flat, and thus the
Jacobi operator is a 3-step nilpotent operator.

Remark 6.9. The behavior of the eigenvalues is usually the primary object of study when examining
Osserman manifolds. However, when the metric under consideration is of indefinite signature, the
corresponding eigenspaces are important as well. Indeed, 4 dimensional complex and para-complex
space forms have diagonalizable Jacobi operator with eigenvalues {α, α4 , α4 } but the eigenspace corre-
sponding to the multiple eigenvalue α4 inherits a definite (positive or negative) metric in the complex
case. By contrast, in the para-complex case the induced metric has Lorentzian signature. This is
necessarily the case for any Type II Jordan Osserman metric.

Example 6.10. We use the previous analysis to construct Type II Jordan Osserman Walker man-
ifolds which are not nilpotent; we refer to [107] for further details. Let k be a non-zero constant.
We specialize the manifolds Ma,b,c of Example 5.2 to define the manifold Mk,f by setting:

a = 4kx2
1 − 1

4k f (x4)
2, b = 4kx2

2 , c = 4kx1x2 + x2f (x4)− 1
4k f

′(x4) .

Set
E := 24kf (x4)f

′(x4)x2 − 12kf ′′(x4)x1 + 3f (x4)f
′′(x4)+ 4f ′(x4)

2 .

Theorem 6.11. Adopt the notation of Example 6.10.

1. Mk,f is Osserman with eigenvalues {0, 4k, k, k}.
2. If E vanishes identically, then Mk,f is Type Ia.
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3. If E never vanishes, then Mk,f is Type II Jordan Osserman.

We note that if E vanishes at certain points but does not vanish identically, then Mk,f is
pointwise Jordan Osserman but not globally Jordan Osserman. In particular, if we take f (x4) = x4,
thenMk,f is Jordan Osserman on the open set 6kx2x4 �= −1. It is,however,not locally homogeneous
since ∇R vanishes only when x1 = x2 = x4 = 0. By Theorem 1.13, any Osserman metric is null
Osserman. This yields:

Theorem 6.12. The manifold Mk,f of Example 6.10 is null Osserman with a 2-step nilpotent null
Jacobi operator .

A pseudo-Riemannian manifold M is said to be Szabó if the Szabó operator

S(X) : Y → ∇XR(Y,X)X

has constant eigenvalues on the unit pseudo-sphere bundles S±(M) [143] (cf. Section 2.4.2). Any
Szabó manifold is locally symmetric in the Riemannian [248] and the Lorentzian [156] setting. In
the higher signature setting, there are examples where the Szabó operator is a nilpotent operator and
non-trivial [143].

Theorem 6.13. The manifold Mk,f of Example 6.10 is Szabó but is not Jordan Szabó. If f ′ �= 0,
then Mk,f is not Ivanov–Petrova. The manifold Mk,f is locally symmetric if and only if f ′ vanishes
identically.

6.4 OSSERMAN AND IVANOV–PETROVA METRICS

The work in this section is also due to E. Calviño-Louzao [75]. An algebraic classification of all
curvature models of signature (2, 2) which are Osserman Ivanov–Petrova was given in Section 1.4.
This algebraic result leads to the following result in the differentiable setting.

Theorem 6.14. Let M have signature (2, 2). Then M is both pointwise Osserman and pointwise
Ivanov–Petrova if and only if either M is a space of constant sectional curvature or the Jacobi operator of
M either vanishes or is a 2-step nilpotent operator. Moreover, the manifold M is both Jordan Osserman
and Jordan Ivanov–Petrova implies that M has constant sectional curvature.
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Remark 6.15. It follows from Theorem 6.14 that rank 4 skew symmetric curvature operators given
by (2)–(3) in Theorem 1.24 cannot occur in the differentiable setting and therefore they only exist
at the algebraic level.

The class of 4 dimensional pseudo-Riemannian Ivanov–Petrova manifolds can be quite com-
plicated. In [172] the existence of 4 dimensional Ivanov–Petrova manifolds which are not Osserman
is shown by means of certain locally conformally flat warped product structures of Robertson-Walker
type which are not Einstein. We will construct a large family of Ivanov–Petrova 4 dimensional man-
ifolds with metric of neutral signature which are neither Einstein nor locally conformally flat; many
examples which are neither Einstein, nor self-dual nor anti-self-dual will be obtained. We set c = 0
to simplify the discussion. We then have:

Theorem 6.16. Let Ma,b,c be defined as in Example 5.2 with c = 0. If Ma,b,c is Ivanov–Petrova,
then Ma,b,c is nilpotent Ivanov–Petrova. Furthermore,

a = x1S(x3, x4)+ A(x2, x3, x4) and
b = x2V (x3, x4)+ B(x1, x3, x4)

where A22B11 = 0.

Remark 6.17. We apply Theorem 6.16 and consider the special case where

a = x2
2P(x3, x4)+ x1S(x3, x4)+ x2T (x3, x4)+ ξ(x3, x4),

b = x2
1Q(x3, x4)+ x1U(x3, x4)+ x2V (x3, x4)+ η(x3, x4) .

(6.1)

We shall assume P �= 0 and Q = 0; a similar study can be developed assuming P = 0 and Q �= 0.
By Theorem 5.7, these metrics are never self-dual . Furthermore, M is Ivanov–Petrova if and only if

a = x2
2P(x3, x4)+ x1S(x3)+ x2T (x3, x4)+ ξ(x3, x4),

b = x2V (x4)+ η(x3, x4),
(6.2)

where P �= 0 is a smooth function and S, T , V , ξ and η are arbitrary smooth functions. Moreover,
M defined by Equation (6.2) is Einstein if and only if

η(x3, x4) = 2T4 − T V
2P

and P4 = PV .

Metrics defined by Equation (6.2) provide a large family of 4 dimensional Ivanov–Petrova
manifolds which are neither Einstein nor locally conformally flat ; indeed, they are never self-dual. The
analysis of the anti-self-dual condition is really much harder (cf.Theorem 5.8).However, it is possible
to specialize those metrics to get examples of 4 dimensional Ivanov–Petrova manifolds which are
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neither Einstein, nor self-dual or anti-self-dual. In particular, a straightforward calculation using the
characterization of the self-dual Weyl curvature operator given in Theorem 5.8 shows that taking

a = x2
2P(x3)+ x1S(x3)+ x2T (x3, x4)+ ξ(x3, x4), b = x2κ + η(x3, x4) ,

where P �= 0 and κ �= 0, we get 4 dimensional Ivanov–Petrova manifolds which are neither Einstein
nor self-dual nor anti-self-dual .

6.5 RIEMANNIAN EXTENSIONS OF AFFINE SURFACES
The simplest case in Equation (3.4) occurs when M is a surface. Let M =  be a surface which
is equipped with a torsion free connection D. The twisted Riemannian extension gD,φ defined in
Equation (3.4) is then a Walker manifold where, after renumbering the indices appropriately and
adopting the notation of Example 5.2, we have

a = −2x1�33
3(x3, x4)− 2x2�33

4(x3, x4)+ φ33(x3, x4),

b = −2x1�44
3(x3, x4)− 2x2�44

4(x3, x4)+ φ44(x3, x4),

c = −2x1�34
3(x3, x4)− 2x2�34

4(x3, x4)+ φ34(x3, x4) .

Here (x3, x4) are local coordinates on .Thus, a Walker manifold is a twisted Riemannian extension
in canonical coordinates if and only if a, b, and c are affine functions of (x1, x2) where the coeffi-
cients are smooth in (x3, x4). Theorem 5.5 (4) and Theorem 5.7 show that 4 dimensional twisted
Riemannian extensions are self-dual and have a nilpotent Ricci operator.

6.5.1 AFFINE SURFACES WITH SKEW SYMMETRIC RICCI TENSOR
We have the following characterization [129]:

Lemma 6.18. LetD be a torsion free connection on a surface . The connectionD has a nilpotent Jacobi
operator if and only if the Ricci tensor defined byD is skew symmetric.

Proof. We expand

pλ(JD(x)) := det(JD(x)− λ Id) = det(JD(x))− Tr{JD(x)}λ+ λ2 .

Since JD(x)x = R(x, x)x = 0, we may conclude that

det(JD(x)) = 0 .

Thus, Spec{JD(x)} = {0} if and only if

ρD(x, x) = Tr{JD(x)} = 0 .

We polarize this identity to see that this condition is equivalent to the condition ρD ∈ �2(T ∗ ),
i.e.,D is Ricci anti-symmetric. �
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Affine surfaces whose torsion free connection has skew symmetric Ricci tensor have been
completely characterized by Derdzinski [100]. He simplified a previous result of Wong [260] to
show the following result:

Theorem 6.19. For a torsion free connection D on a surface  , the Ricci tensor of D is skew symmetric
if and only if every point of  has a neighborhood U with coordinates (x3, x4) in which the only non-
vanishing Christoffel symbols ofD are

�33
3 = −∂x3ϕ and �44

4 = ∂x4ϕ for ϕ ∈ C∞( ) .

Ricci flat self-dual Walker manifolds are described in [100]; this gives a complete description
of the metrics in Theorem 6.4:

Theorem 6.20. A 4 dimensional Ricci flat self-dual Walker manifold is locally isometric to the cotangent
bundle T ∗ of an affine surface ( ,D) equipped with the twisted Riemannian extension gD,φ = gD +
π∗φ, whereD is a torsion free connection with skew symmetric Ricci tensor with Christoffel symbols which
may be expressed in adapted coordinates (x3, x4) as:

�33
3 = −∂x3ϕ and �44

4 = ∂x4ϕ .

We adopt the notation of Section 3.5.1 and give an alternative description of self-dual Walker
manifolds (cf. Theorem 5.7) in terms of modified Riemannian extensions [77]:

Theorem 6.21. Let M be defined by Example 5.2. Then M is self-dual if and only if it is locally
isometric to the cotangent bundle T ∗ of an affine surface ( ,D), with metric tensor

g = ιX(ι Id ◦ι Id)+ ι Id ◦ιT + gD + π∗φ .

This leads to the following result [77]:

Theorem 6.22. Let M be a Type II Osserman manifold of signature (2, 2) with non-zero scalar
curvature τ . There exists an affine surface ( ,D) so that M is locally isometric to the cotangent bundle
T ∗ with metric tensor

g = τ

6
· ι Id ◦ι Id +gD + 24

τ
π∗φ (6.3)

where φ is the symmetric part of the Ricci tensor of D.
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6.5.2 AFFINE SURFACES WITH SYMMETRIC AND
DEGENERATE RICCI TENSOR

Any twisted Riemannian extension is necessarily a self-dual Walker manifold. We now investigate
some particular cases where the converse also holds [76]. First we specialize Theorem 6.21:

Theorem 6.23. Let Ma,b,c be defined by Example 5.2. Assume Ma,b,c is self-dual. If either Ma,b,c

is Ivanov–Petrova or Ma,b,c is Ricci flat, then Ma,b,c is a twisted Riemannian extension given by
Equation (3.4).

Remark 6.24. Ricci flat self-dual Walker manifolds have been investigated in [129]. It was shown
that they correspond to twisted Riemannian extensions of torsion free connections with skew sym-
metric Ricci tensor (see also [100, 184]).

On the other hand, Walker manifolds with a nilpotent Ricci operator are not necessarily
twisted Riemannian extensions. For instance, a Walker manifold Ma,b,c with

a = 0, b = x1x2P(x3, x4), c = 1
2x

2
1P(x3, x4),

has a 2-step nilpotent Ricci operator and is not a twisted Riemannian extension.

Theorem 6.25. Let ( ,D) be an affine surface. Then the skew symmetric D-curvature operator is a
nilpotent operator if and only if the Ricci tensor is symmetric and degenerate.

Recall that a tensor fieldK is said to be recurrent if there exists a 1 form σ soDXK = σ(X)K

for each vector field X. Further an affine surface ( ,D) is said to be recurrent if its Ricci tensor is
recurrent.

Two affine connections D̄ and D̃ are said to be projectively equivalent if there is a 1 form σ

such that
D̄XY − D̃XY = σ(X)Y + σ(Y )X

for all vector fields X, Y . Hence, an affine surface ( ,D) with symmetric Ricci tensor is said to be
projectively flat if it is locally projectively equivalent to a flat connection.

Theorem 6.26. Let ( ,D) be an affine surface with a nilpotent skew symmetricD-curvature operator.
Then ( ,D) is recurrent if and only if around each point there exists a coordinate system (x3, x4) in which
the non-zero component ofD is given by

D∂x3
∂x3 = a(x3, x4)∂x4 .

Moreover, ( ,D) is locally symmetric if and only if a(x3, x4) = α x4 + ξ(x3), with α ∈ R and ξ a
smooth function depending on x3; ( ,D) is flat if and only if ∂x4a(x3, x4) = 0.
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Remark 6.27. Observe that all locally symmetric connections in Theorem 6.26 are projectively flat.

6.5.3 RIEMANNIAN EXTENSIONS WITH
COMMUTING CURVATURE OPERATORS

We refer to [50] for further details concerning the materials we shall present here. Recall the defi-
nitions of Section 1.4.5. Let ρDa and ρDs denote the alternating and the symmetric components of
the Ricci tensor ρD(x, y) := Tr{z → RD(z, x)y}:

ρDa (x, y) := 1
2 {ρD(x, y)− ρD(y, x)}, and

ρDs (x, y) := 1
2 {ρD(x, y)+ ρD(y, x)} .

Theorem 6.28. Let M be the twisted Riemannian extension gD,φ given by Equation (3.4) of an affine
surface ( ,D); we impose no additional restrictions onD. Then:

1. ρDa = 0 if and only if M is curvature–curvature commuting.

2. ρDs = 0 if and only if M is Osserman.

3. Either ρDa = 0 or ρDs = 0 if and only if M is Jacobi–Ricci commuting .

4. ρD = 0 if and only if M is Jacobi–Jacobi commuting.

Remark 6.29. If D is the torsion free connection on R
2 with non-zero Christoffel symbols

D∂x3
∂x4 = D∂x4

∂x3 = f (x3)∂x3, D∂x4
∂x4 = f (x3)∂x4 ,

for f = f (x3) with f ′(x3) �= 0, we have ρsD = 0 while ρaD �= 0. Similarly, if we have that

D∂x3
∂x3 = f (x3, x4)∂x4 ,

for f = f (x3, x4) with f4 �= 0, it follows that ρsD �= 0 while ρaD = 0. Thus, the four possibilities in
Theorem 6.28 are distinct.
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6.5.4 OTHER EXAMPLES WITH COMMUTING CURVATURE OPERATORS
We adopt the notation of Example 5.2. Consider the Walker manifold Ma,b,c defined by

a = αx1x2, b = −αx1x2, c = α(x2
2 − x2

1)/2 .

This manifold is a locally symmetric Walker manifold which is Jacobi–Ricci commuting and for
which ρ2 = −α2 Id. We refer to [150] for further details. This manifold satisfies the condition

R(ρx, y, z,w) = R(x, y, ρz,w) .

If we let ρ give M a pseudo-Hermitian structure, then the curvature tensor of M lies in the
decomposition factor W7 of the Tricerri-Vanhecke curvature decomposition of Theorem 1.8. In
particular, it does not satisfy the Gray identity and this almost complex structure is not integrable.

A complete classification of manifolds satisfying curvature commuting conditions is available
in certain special cases. We refer to [150] for the proof of the following result:

Theorem 6.30. Let Ma,b,c be the Walker manifold defined by Example 5.2 with a = b = 0. Then
Ma,b,c is Jacobi–Ricci commuting if and only if

c = x1P(x3, x4)+ x2Q(x3, x4)+ S(x3, x4)

where one of the following two conditions holds:

1. P3 = Q4, i.e.,Qdx3 + Pdx4 is a closed 1 form.

2. There exist (u, v,w) �= (0, 0, 0) so

P = w

u+ vx3 + wx4
and Q = v

u+ vx3 + wx4
.
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C H A P T E R 7

Hermitian Geometry
7.1 INTRODUCTION

In Hermitian geometry, one often examines the relationship between the properties of the structure
(g, J ) and properties of the curvature tensor. The Goldberg Conjecture [160] is an example; it is
conjectured that compact almost Kaehler Riemannian Einstein manifolds are necessarily Kaehler.
The Goldberg conjecture is global in nature and is still open. However, additional curvature con-
ditions are known which locally imply the integrability of the almost complex structure. Proofs in
this area make use of relations involving the curvature terms. For example, in the almost Kaehler
context, the relation

τ − τ � = 1
2 |∇�|2

implies that |∇�|2 = 0 if τ = τ �; this means that (g, J ) is isotropic Kaehler . In the Riemannian
setting, this shows∇� = 0 so (g, J ) is in fact Kaehler and thereby establishes the desired integrability
condition [233]. In the higher signature setting, the identity |∇�|2 = 0 does not imply that ∇� = 0.
Thus, the class of isotropic Kaehler structures properly contains the class of Kaehler structures
[28, 131]. Further historical information is given in Section 7.2.

In Chapter 7, we will construct examples of Walker manifolds which illustrate that indefinite
almost Hermitian structures exhibit very different behaviors than in the Riemannian setting. In
particular, we will construct manifolds which admit isotropic Kaehler structures which are not
Kaehler. We shall examine proper almost complex structures on Walker manifolds following the
discussion in [198] to obtain a local description of those metrics which are Hermitian, almost
Kaehler, self-dual, �-Einstein or Einstein.

In Section 7.3, we will show that any proper almost Hermitian structure on a 4 dimensional
Walker manifold is isotropic Kaehler. We will study proper hyper-para-Hermitian structures and
the �-Einstein equation. Proper Hermitian Walker structures are studied in Section 7.4, where
the Einstein equation of Theorem 5.5 (4) is explicitly integrated. This allows the construction of
examples of indefinite Einstein strictly almost Hermitian structures showing that the integrability
result given by Kirchberg [180] does not hold for metrics of signature (2, 2). Special attention is
paid to locally conformally Kaehler structures when we discuss Vaisman manifolds. Almost Kaehler
proper structures are treated in Section 7.5, with special attention to the �-Einstein and the Einstein
cases. Almost Kaehler proper structures of constant sectional curvature are considered when we
construct local examples of strictly almost Kaehler Einstein structures which are not Kaehler.
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7.2 HISTORY

A well-known phenomena in geometry is the incompatibility between certain additional structures
(Hermitian,quaternionic, contact, etc.) and the curvature of the underlying metric.As we have shown
in Chapter 5, the curvature influences the underlying structure of the manifold by equipping it with
some extra properties. This is the spirit behind results like the Goldberg-Sachs Theorem [12, 14]
and related results [84, 97].

The best examples of the antagonism between various geometric properties are to be found
within the context of Kaehler geometry. Many of these results have been obtained by making use
of Bochner’s type formulae which relate curvature objects with invariants of the structure under
consideration [167]. Sometimes the explicit integration of the Chern classes provides the desired
information, as occurs for compact Einstein almost Kaehler 4 dimensional manifolds [233, 234]. In
a general setting, these integral formulae imply that some scalar invariants of the structure vanish.
For instance, one of the candidates for vanishing is |∇J | since, in the Riemannian setting, |∇J | = 0
implies ∇J = 0. However, in the pseudo-Riemannian context, the tensor ∇J may be null but non-
zero; this makes the class of isotropic structures (i.e., those where |∇J | = 0, but ∇J �= 0) of special
interest.

The first examples of isotropic Kaehler structures were found in [131], where compact 4
dimensional examples of signature (2, 2) were exhibited – see also [28] for 6 dimensional examples.
Later, it was shown [93, 94] that isotropy is a common property in the Walker setting as any proper
almost Hermitian structure is isotropic Kaehler (see Section 7.3).

Finally, it is worth mentioning that the use of integral formulae extends (under suitable con-
ditions) to the indefinite setting, as shown in [238], where a previously used integral expression
is specialized to the case of pseudo-Riemannian compact almost Kaehler Einstein geometry and
explicitly confirmed for a neutral signature metric on the 8-torus in [199]. This involves a gener-
alization of the isotropy condition to kth order isotropic Kaehler: ∇kJ is non-zero but null. Many
open problems arise now in the indefinite setting: is a compact, almost Kaehler Einstein manifold
isotropic Kaehler, or at least kth order isotropic Kaehler for some k? One also has a related question:
is there a k such that a pseudo-Riemannian, almost Hermitian manifold which is lth order isotropic
Kaehler for 1 ≤ l ≤ k is in fact Kaehler?

7.3 ALMOST HERMITIAN GEOMETRY OF
WALKER MANIFOLDS

Recall that an indefinite almost Hermitian structure (g, J ) is said to be an isotropic Kaehler structure if
one has that |∇J |2 = 0 (or equivalently that |∇�|2 = 0) but ∇J �= 0. Examples of isotropic Kaehler
structures have been given first in [131] in dimension 4 and subsequently in [28] in dimension 6.
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7.3.1 THE PROPER ALMOST HERMITIAN STRUCTURE OF A
WALKER MANIFOLD

We follow the discussion in [198].

Example 7.1. Let Ma,b,c := (O, ga,b,c) be the pseudo-Riemannian manifold of Example 5.2. We
take the induced orthonormal basis of Equation (5.1):

e1 := 1
2 (1 − a)∂x1 + ∂x3, e2 := −c∂x1 + 1

2 (1 − b)∂x2 + ∂x4,

e3 := − 1
2 (1 + a)∂x1 + ∂x3, e4 := −c∂x1 − 1

2 (1 + b)∂x2 + ∂x4 .

We shall let Ca,b,c := (O, ga,b,c, J ) where J is the proper almost complex structure defined by:

J = e2 ⊗ e1 − e1 ⊗ e2 + e4 ⊗ e3 − e3 ⊗ e4 .

This means that
J : e1 = e2, J e2 = −e1, J e3 = e4, J e4 = −e3 .

The map J induces a positive π
2 -rotation on the degenerate parallel field D := Span{∂x1, ∂x2}:

J∂x1 = ∂x2, J ∂x3 = −c∂x1 + 1
2 (a − b)∂x2 + ∂x4,

J ∂x2 = −∂x1, J ∂x4 = 1
2 (a − b)∂x1 + c∂x2 − ∂x3 .

The following result shows that the class of isotropic Kaehler structures is larger than might
at first sight be expected:

Theorem 7.2. Let Ca,b,c be as given in Example 7.1.

1. Ca,b,c is almost Kaehler if and only if a1 + b1 = 0 and a2 + b2 = 0.

2. Ca,b,c is Hermitian if and only if a1 − b1 = 2c2 and a2 − b2 = −2c1.

3. Ca,b,c is Kaehler if and only if a1 = −b1 = c2 and a2 = −b2 = −c1.

4. One has that |∇�|2 = 0, |d�|2 = 0, |δ�|2 = 0, and |NJ |2 = 0.

5. τ = a11 + b22 + 2c12 and τ � = −a22 − b11 + 2c12.

Remark 7.3. Examples of compact isotropic Kaehler structures can be constructed on tori by taking
a, b and c to be periodic functions on R

4. Moreover, note that in the general situation the isotropic
Kaehler structures given by Example 7.1 are neither complex nor symplectic (cf. Theorem 7.2).
Hence, for special choices of functions (which may still be assumed to be periodic) satisfying the
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conditions in Theorem 7.2, examples of symplectic or integrable isotropic Kaehler structures can be
given.

Remark 7.4. The �-Einstein equations (ρ�0 = ρ� − τ�

4 g = 0) of Ca,b,c can be written as a system
of partial differential equations as follows:

(ρ�0)13 = −(ρ�0)24 = −(ρ�0)31 = (ρ�0)42 = 1
4 (a22 − b11) = 0,

(ρ�0)14 = −(ρ�0)32 = − 1
2 (a12 − c11) = 0,

(ρ�0)23 = −(ρ�0)41 = − 1
2 (b12 − c22) = 0,

(ρ�0)33 = 1
4

{
a1b1 + a2(b2 − c1)+ b2c1 + c2(a1 − b1)− c2

1 − c2
2 + 2c(a12 − c11)

+ba22 − 2a24 + ab11 − 2b13 − (a + (b) c12 + 2c14 + 2c23
} = 0,

(ρ�0)34 = − 1
4 {(a − b)(a12 − c11)+ c(a22 − b11)} = 0,

(ρ�0)43 = 1
4 {(a − b)(b12 − c22)+ c(a22 − b11)} = 0,

(ρ�0)44 = 1
4

{
a1b1 + a2(b2 − c1)+ b2c1 + c2(a1 − b1)− c2

1 − c2
2 + 2c(b12 − c22)

+ba22 − 2a24 + ab11 − 2b13 − (a + (b) c12 + 2c14 + 2c23
} = 0.

7.3.2 PROPER ALMOST HYPER-PARA-HERMITIAN STRUCTURES

Example 7.5. The notion of an almost hyper-para-Hermitian structure was defined previously in
Section 2.5.2. Let Ma,b,c be as in Example 5.2. We adopt the notation of Equation (5.1) to define
an orthonormal frame {ei}4

i=1 of the tangent bundle of R
4. We use Equation (1.12) to define a

corresponding orthonormal frame {E±
j }3
j=1 for �2 = �+ ⊕�−:

E±
1 = 1√

2
{e1 ∧ e2 ± e3 ∧ e4}, E±

2 = 1√
2
{e1 ∧ e3 ± e2 ∧ e4},

E±
3 = 1√

2
{e1 ∧ e4 ∓ e2 ∧ e3}.

The bivectors {E−
j }3
j=1 define endomorphisms {Jj }3

j=1 of TR
4 such that

J 2
1 = −1, J 2

2 = J 2
3 = 1, J1J2 = −J2J1 = J3.

We shall say that the almost hyper-para-complex structure J := {J1, J2, J3} which is defined by
means of E−

1 , E
−
2 , E

−
3 is proper. Note that J1 is an isometry of the Walker manifold ga,b,c while

J2, J3 are anti-isometries, i.e., J is an almost hyper-para-Hermitian structure. Let

Ha,b,c := (O, ga,b,c,J ) .
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From Equations (5.1) and (1.12) one gets the description in terms of the coordinate frame:

J1 =

⎛⎜⎜⎝
0 −1 −c a−b

2
1 0 a−b

2 c

0 0 0 −1
0 0 1 0

⎞⎟⎟⎠, J2 =

⎛⎜⎜⎝
1 0 a 0
0 −1 0 −b
0 0 −1 0
0 0 0 1

⎞⎟⎟⎠, J3 =

⎛⎜⎜⎝
0 1 c a+b

2
1 0 a+b

2 c

0 0 0 −1
0 0 −1 0

⎞⎟⎟⎠.
Note that J1 is the proper almost complex structure defined in Example 7.1.

Theorem 7.6. Let Ha,b,c be as in Example 7.5.

1. J := {J1, J2, J3} is integrable if and only if

a = x2
1B(x3, x4)+ x1P(x3, x4)+ ξ(x3, x4),

b = x2
2B(x3, x4)+ x2T (x3, x4)+ η(x3, x4),

c = x1x2B(x3, x4)+ 1
2x1T (x3, x4)+ 1

2x2P(x3, x4)+ γ (x3, x4).

2. J is hyper-para-Kaehler if and only if a = a(x3, x4), b = b(x3, x4), and c = c(x3, x4).

Remark 7.7. Observe that all metrics given in Theorem 7.6 (1) are self-dual (see Theorem 5.7)
and moreover, the Ricci operator has a unique eigenvalue λ = 3

2B(x3, x4), which is a double root of
its minimal polynomial. We take B = α to be an arbitrary constant and we recover Example 5.21
by taking P = T = ξ = η = γ = 0.

Results of [178] show that any hyper-para-Kaehler structure is Ricci flat, just as in the definite
case [46]. Neutral signature Ricci flat non-flat metrics on complex tori and primary Kodaira surfaces
have been constructed in [223]. These metrics are induced by proper hyper-para-Kaehler Walker
structures on R

4. Further observe that proper hyper-para-Kaehler structures correspond to Walker
manifolds admitting two orthogonal null parallel vector fields {∂x1, ∂x2} – see Theorem 3.2.

7.4 HERMITIAN WALKER MANIFOLDS
OF DIMENSION FOUR

This section contains joint work with J. Davidov, J. C. Díaz-Ramos, Y. Matsushita, and O.
Muškarov [94]. Throughout this section, let Ca,b,c be defined as in Example 7.1.
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7.4.1 PROPER HERMITIAN WALKER STRUCTURES
We shall investigate curvature properties of Ma,b,c by considering the associated proper struc-
ture Ca,b,c. It turns out that this structure exhibits a very rich behavior providing examples, as we
mentioned in the previous section, of indefinite Ricci flat (non-flat) Kaehler structures on tori and
primary Kodaira surfaces [223] as well as flat non-Kaehler almost Kaehler structures [93]. This is
in sharp contrast to the Riemannian case and it is important to recognize that such an exceptional
behavior comes from the fact that any proper almost Hermitian Walker structure is isotropic Kaehler
but not necessarily Kaehler (cf. Theorem 7.2).

Theorem 7.8. Ca,b,c is Hermitian and self-dual if and only if

a = x2
1B(x3, x4)+ x1x2D(x3, x4)+ x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = x2
2B(x3, x4)− x1x2D(x3, x4)+ x1S(x3, x4)+ x2T (x3, x4)+ η(x3, x4),

c = 1
2 (x

2
2 − x2

1)D(x3, x4)+ x1x2B(x3, x4)− 1
2x1{Q(x3, x4)− T (x3, x4)}

+ 1
2x2{P(x3, x4)− S(x3, x4)} + γ (x3, x4).

Remark 7.9. Assume that Ca,b,c is Hermitian and self-dual. One can then use Theorem 7.8 to see
that the Ricci operator has complex eigenvalues

λ = 3
2B(x3, x4)±

√−1D(x3, x4) of multiplicity two .

The �-Einstein equations were discussed in Remark 7.4.

Theorem 7.10. Ca,b,c is Hermitian and �-Einstein if and only if the functions a, b, c have one of the
following three forms where κ �= 0 is constant.

1. Form I (τ � = 8κ):

a = κ(x2
1 − x2

2)+ x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = κ(x2
2 − x2

1)− x1P(x3, x4)− x2Q(x3, x4)− ξ(x3, x4)+ 1
κ
{P3(x3, x4)−Q4(x3, x4)},

c = 2κx1x2 − x1Q(x3, x4)+ x2P(x3, x4)+ γ (x3, x4).

2. Form II (τ � = 2κ):

a = κx2
1 + x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = κx2
2 + x1S(x3, x4)+ x2T (x3, x4)− ξ(x3, x4)

− 1
4κ {4(3S3(x3, x4)− P3(x3, x4)+ 3Q4(x3, x4)− T4(x3, x4))
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−(P (x3, x4)+ S(x3, x4))
2 − (Q(x3, x4)+ T (x3, x4))

2},
c = κx1x2 − 1

2x1(Q(x3, x4)− T (x3, x4))+ 1
2x2(P (x3, x4)− S(x3, x4))+ γ (x3, x4).

3. Form III (τ � = 0):

a = x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = x1S(x3, x4)+ x2T (x3, x4)+ η(x3, x4),

c = − 1
2x1(Q(x3, x4)− T (x3, x4))+ 1

2x2(P (x3, x4)− S(x3, x4))+ γ (x3, x4),

where 4(3S3 − P3 + 3Q4 − T4) = (P + S)2 + (Q+ T )2.

We use the results of Section 5.3 to see:

Theorem 7.11. Ca,b,c is Hermitian and Einstein if and only if the functions a, b, c have one of the
following three forms where κ �= 0 is constant:

1. Form I (τ = 8κ):

a = κ(x2
1 − x2

2)+ x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = κ(x2
2 − x2

1)− x1P(x3, x4)− x2Q(x3, x4)− ξ(x3, x4)+ 1
κ
{P3(x3, x4)−Q4(x3, x4)},

c = 2κx1x2 − x1Q(x3, x4)+ x2P(x3, x4)+ γ (x3, x4).

2. Form II (τ = 6κ):

a = κx2
1 + x1P(x3, x4)+ x2Q(x3, x4)

+ 1
4κ {4(P3(x3, x4)− S3(x3, x4))− 8Q4(x3, x4)+ 2Q(x3, x4)(Q(x3, x4)

+T (x3, x4))+ P(x3, x4)
2 − S(x3, x4)

2},
b = κx2

2 + x1S(x3, x4)+ x2T (x3, x4)+ 1
4κ {−4(Q4(x3, x4)− T4(x3, x4))− 8S3(x3, x4)

+2S(x3, x4)(P (x3, x4)+ S(x3, x4))− (Q(x3, x4)
2 − T (x3, x4)

2)},
c = κx1x2 − 1

2x1(Q(x3, x4)− T (x3, x4))+ 1
2x2(P (x3, x4)− S(x3, x4))

+ 1
4κ {2(P4(x3, x4)+ S4(x3, x4))+ 2(Q3(x3, x4)+ T3(x3, x4))

+T (x3, x4)(P (x3, x4)− S(x3, x4))−Q(x3, x4)(P (x3, x4)+ 3S(x3, x4))}.
3. Form III (τ = 0):

a = x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = x1S(x3, x4)+ x2T (x3, x4)+ η(x3, x4),

c = − 1
2x1(Q(x3, x4)− T (x3, x4))+ 1

2x2(P (x3, x4)− S(x3, x4))+ γ (x3, x4),
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where

8Q4 − 4(P3 − S3) = 2Q(Q+ T )+ (P 2 − S2),

8S3 + 4(Q4 − T4) = 2S(P + S)− (Q2 − T 2),

2(P4 + S4)+ 2(Q3 + T3) = Q(P + 3S)− T (P − S).

Remark 7.12. Metrics of the form given inTheorem 7.11 (3) have received attention in the literature
of Osserman manifolds. Since any 4 dimensional twisted Riemannian extension gD,φ given by
Equation (3.4) is self-dual [76], metrics of this form are Osserman with nilpotent Jacobi operator
and moreover they are realized as twisted Riemannian extensions of torsion free connections with
skew symmetric Ricci tensor [106, 129].

Corollary 7.13. If Ca,b,c is Hermitian and Einstein, then Ca,b,c is �-Einstein.

Remark 7.14. Ca,b,c is Hermitian, self-dual and Einstein if and only if the functions a, b and c are
of the form II or III in Theorem 7.11.

Theorem 3.2 of [180] shows that an almost Hermitian manifold (M, g, J ) of dimension 4
with positive definite metric is Hermitian if the metric g is Einstein and if the Weyl curvature
satisfies

|W+|2 = 1
24 (τ − 3τ �)2 �= 0

at every point of M . We shall give an example showing that the analogous result is not true in the
signature (2, 2) setting. If M has signature (2, 2), the role ofW+ is played byW− since the almost
complex structures compatible with the metric and the orientation are parametrized by sections of
�−. Note also that the metric on �2 in [180] is one half of the metric used here. Thus, in our
situation, the analogous condition forW+ is

|W−|2 = 1
96 (τ − 3τ �)2 �= 0 .

Example 7.15. Let Ca,b,c be defined by a = x2
1 + 2

3x
2
2 + 2√

3
x1x2, b = x2

2 , and c = − 1√
3
x2

2 . A

straightforward calculation shows that Ca,b,c is Einstein, that τ = 4, that τ � = − 4
3 , and that

W− =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

2

3
− 1√

3
−1

3
1√
3

−2

3
− 1√

3
1

3
− 1√

3
0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
so |W−|2 = 2

3 = 1
96 (τ − 3τ �)2 .



7.4. HERMITIAN WALKER MANIFOLDS OF DIMENSION FOUR 111

On the other hand, it follows from Theorem 7.2 that the proper almost complex structure J is not
integrable.Note thatW− has degenerate spectrum {− 2

3 ,
1
3 ,

1
3 } and that the eigenspace corresponding

to the simple eigenvalue is timelike (and hence it determines an integrable almost para-Hermitian
structure [173]).

7.4.2 LOCALLY CONFORMALLY KAEHLER STRUCTURES
Recall that an indefinite Hermitian manifold (M, g, J ) is said to be locally conformally Kaehler if
for any point P ∈ M there exists an open neighborhood U and a function f : U → R such that
(U, e2f g, J ) is an indefinite Kaehler manifold [109]. Recall that a Hermitian structure (g, J ) is
locally conformally Kaehler if and only if the Lee form ω defined by d� = ω ∧� is a closed 1
form [110]. In particular, the Lee form ω of the manifold Ca,b,c of Example 7.1 is given by:

ω = − 1
2 (a1 + b1) dx3 − 1

2 (a2 + b2)dx4 . (7.1)

Theorem 7.16. Ca,b,c is locally conformally Kaehler if and only if

a = x1P(x3, x4)+ x2Q(x3, x4)+ A(x1, x2, x3, x4),

b = x1P(x3, x4)+ x2Q(x3, x4)+ η(x3, x4)− A(x1, x2, x3, x4),

c = B(x1, x2, x3, x4).

Here the function A + √−1B is holomorphic with respect tow = x1 + √−1x2 andP4 = Q3. Moreover,
Ca,b,c is Kaehler if and only if P = Q = 0.

Remark 7.17. The metrically equivalent vector fieldB of the Lee formω is called the Lee vector field
and JB is usually named as the anti-Lee vector field . A special class of locally conformally Kaehler
structures, the so-called Vaisman manifolds, corresponds to the case of parallel Lee form. Note that
although proper locally conformally Kaehler structures are not necessarily Vaisman structures, the
distribution generated by B and JB is parallel since

B = −P(x3, x4)∂x1 −Q(x3, x4)∂x2 .

Further observe that many of the striking differences between positive definite locally conformally
Kaehler structures and the indefinite counterpart lie on the fact that the distribution {B, JB} may
be degenerate, which indeed holds in the case under consideration (see [109]).

Theorem 7.18. Assume the Lee form ω of Ca,b,c is nowhere vanishing. Then ω is parallel if and only if
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a = −2x1(P (x3, x4)P3(x3, x4)+Q(x3, x4)Q3(x3, x4))E(x3, x4)

+2x2(P (x3, x4)Q3(x3, x4)−Q(x3, x4)P3(x3, x4))E(x3, x4)+ ξ(x3, x4),

b = 2x1(Q(x3, x4)P4(x3, x4)− P(x3, x4)Q4(x3, x4))E(x3, x4)

−2x2(P (x3, x4)P4(x3, x4)+Q(x3, x4)Q4(x3, x4))E(x3, x4)+ η(x3, x4),

c = x1(Q(x3, x4)(P3(x3, x4)−Q4(x3, x4))− 2P(x3, x4)Q3(x3, x4))E(x3, x4)

−x2(P (x3, x4)(P3(x3, x4)−Q4(x3, x4))+ 2Q(x3, x4)Q3(x3, x4))E(x3, x4)

+γ (x3, x4),

where P4 −Q3 = 0 and E := (P 2 +Q2)−1 satisfies P3 +Q4 = −E−1.

Example 7.19. Let E(x3, x4) := (px3 + qx4 + r)−1. We solve the relations of Theorem 7.18 by
setting P(x3, x4) = pE(x3, x4) andQ(x3, x4) = qE(x3, x4) where p, q, r are constants which sat-
isfy p2 + q2 �= 0. In this case,

a = 2px1E(x3, x4)+ ξ(x3, x4), b = 2qx2E(x3, x4)+ η(x3, x4),

c = (qx1 + px2)E(x3, x4)+ γ (x3, x4).

For the particular case of self-dual Walker manifolds one has the following:

Theorem 7.20. Ca,b,c is locally conformally Kaehler self-dual if and only if

a = x1x2D(x3, x4)+ x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = −x1x2D(x3, x4)+ x1S(x3, x4)+ x2T (x3, x4)+ η(x3, x4),

c = 1
2 (x

2
2 − x2

1)D(x3, x4)− 1
2x1(Q(x3, x4)− T (x3, x4))

+ 1
2x2(P (x3, x4)− S(x3, x4))+ γ (x3, x4),

whereQ3 + T3 = P4 + S4.

Corollary 7.21. Ca,b,c is Kaehler self-dual if and only if

a = x1x2D(x3, x4)+ x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = −x1x2D(x3, x4)− x1P(x3, x4)− x2Q(x3, x4)+ η(x3, x4),

c = 1
2 (x

2
2 − x2

1)D(x3, x4)− x1Q(x3, x4)+ x2P(x3, x4)+ γ (x3, x4).

Theorem 7.22. Ca,b,c is strictly locally conformally Kaehler and �-Einstein if and only if the functions
a, b and c have the forms
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a = x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = x1S(x3, x4)+ x2T (x3, x4)+ η(x3, x4),

c = − 1
2x1(Q(x3, x4)− T (x3, x4))+ 1

2x2(P (x3, x4)− S(x3, x4))+ γ (x3, x4),

where at least one of P + S and Q+ T does not vanish everywhere, where Q3 + T3 = P4 + S4, and
where 4(3S3 − P3 + 3Q4 − T4) = (P + S)2 + (Q+ T )2.

Theorem 7.23. Ca,b,c is strictly locally conformally Kaehler Einstein if and only if the functions a, b and
c have the forms

a = x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = x1S(x3, x4)+ x2T (x3, x4)+ η(x3, x4),

c = − 1
2x1(Q(x3, x4)− T (x3, x4))+ 1

2x2(P (x3, x4)− S(x3, x4))+ γ (x3, x4),

where at least one of the functions P + S andQ+ T does not vanish everywhere and

8Q4 − 4(P3 − S3) = 2Q(Q+ T )+ (P 2 − S2),

8S3 + 4(Q4 − T4) = 2S(P + S)− (Q2 − T 2),

4(P4 + S4) = 4(Q3 + T3) = Q(P + 3S)− T (P − S).

Using Theorem 7.2, we easily obtain from Theorem 7.11 the following:

Corollary 7.24. Ca,b,c is Kaehler Einstein if and only if the functions a, b, c have one of the following
forms where κ �= 0 is constant:

1. Form I (τ = 8κ):

a = κ(x2
1 − x2

2)+ x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = κ(x2
2 − x2

1)− x1P(x3, x4)− x2Q(x3, x4)− ξ(x3, x4)+ 1
κ
(P3(x3, x4)−Q4(x3, x4)),

c = 2κx1x2 − x1Q(x3, x4)+ x2P(x3, x4)+ γ (x3, x4).

2. Form II (τ = 0):

a = x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = −x1P(x3, x4)− x2Q(x3, x4)+ η(x3, x4),

c = −x1Q(x3, x4)+ x2P(x3, x4)+ γ (x3, x4),

where P3 = Q4.

Remark 7.25. In the case when the function c depends only on (x3, x4), Ca,b,c is Hermitian and
Einstein if and only if the functions a and b have the forms
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a = x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4), b = x1P(x3, x4)+ x2Q(x3, x4)+ η(x3, x4),

where 2P3 = P 2, 2Q4 = Q2, and P4 +Q3 = PQ. We apply Lemma 2.13 to see the solution of
this system is given byP = −2a4(a0 + a3x3 + a4x4)

−1 andQ = −2a3(a0 + a3x3 + a4x4)
−1. Note

that ifP ·Q �= 0, then the structure (ga,b,c, J ) is strictly locally conformally Kaehler, self-dual, Ricci
flat and �-Ricci flat, but the metric ga,b,c is not flat.

7.5 ALMOST KAEHLER WALKER FOUR-DIMENSIONAL
MANIFOLDS

This section contains joint work with J. Davidov, J. C. Díaz-Ramos, Y. Matsushita, and O.
Muškarov [93]. We adopt the notation of Example 7.1 to define Ca,b,c. We refer to the discus-
sion in Section 7.3 and to the survey [13]. Both ρ and ρ� coincide in the Kaehler setting. However,
in generalρ� need not be a symmetric 2 tensor.We say that (M, g, J ) is weakly �-Einstein ifρ� = τ�

m
g

and that (M, g, J ) is �-Einstein if, in addition, τ � is constant.

Theorem 7.26. Ca,b,c is almost Kaehler and self-dual if and only if

a = x1x2D(x3, x4)+ x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = −x1x2D(x3, x4)− x1P(x3, x4)− x2Q(x3, x4)+ η(x3, x4),

c = − 1
2x

2
1D(x3, x4)+ 1

2x
2
2D(x3, x4)+ x1U(x3, x4)+ x2V (x3, x4)+ γ (x3, x4).

Theorem 7.27. Ca,b,c is almost Kaehler and �-Einstein if and only if

a = κ(x2
1 − x2

2)+ x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = κ(x2
2 − x2

1)− x1P(x3, x4)− x2Q(x3, x4)+ η(x3, x4),

c = 2κx1x2 + x1U(x3, x4)+ x2V (x3, x4)+ γ (x3, x4),

where κ is a constant and 2(P3 + V3 −Q4 + U4) = (P − V )2 + (Q+ U)2 + 4κ(ξ + η). In this case,
the scalar and �-scalar curvatures are constant, τ = τ � = 8κ .

Corollary 7.28.

1. Ca,b,c is almost Kaehler, self-dual and �-Einstein if and only if κ = 0 in Theorem 7.27.

2. If a = a(x3, x4) (resp. b = b(x3, x4)), then Ca,b,c is almost Kaehler and �-Einstein if and only if
the function b = b(x3, x4) (resp. a = a(x3, x4)) and
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c = x1U(x3, x4)+ x2V (x3, x4)+ γ (x3, x4), where 2(V3 + U4) = V 2 + U2.

3. If c = c(x3, x4), then Ca,b,c is almost Kaehler and �-Einstein if and only if

a = x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = −x1P(x3, x4)− x2Q(x3, x4)+ η(x3, x4), where 2(P3 −Q4) = P 2 +Q2.

The Einstein equations for Ma,b,c are given in Section 5.3.

Theorem 7.29. Ca,b,c is strictly almost Kaehler Einstein if and only if

a = x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = −x1P(x3, x4)− x2Q(x3, x4)+ η(x3, x4),

c = x1U(x3, x4)+ x2V (x3, x4)+ γ (x3, x4),

where (V − P)2 + (U +Q)2 �= 0 and

2(V3 −Q4) = V 2 − VP +Q2 + UQ, 2(P3 + U4) = P 2 − VP + U2 + UQ,
Q3 + U3 − P4 + V4 = PQ+ UV .

Corollary 7.30.

1. If Ca,b,c is strictly almost Kaehler Einstein, Ca,b,c is self-dual, Ricci flat and �-Ricci flat.

2. If c = c(x3, x4), Ca,b,c is strictly almost Kaehler Einstein if and only if

a = x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = −x1P(x3, x4)− x2Q(x3, x4)+ η(x3, x4),

where P 2 +Q2 �= 0, 2P3 = P 2, 2Q4 = −Q2, andQ3 − P4 = PQ.

Remark 7.31. Near any point where P 2 +Q2 �= 0, we may use Lemma 2.13 (after first replacing
Q by −Q) to see the solution of the system described in Corollary 7.30 (2) is given by setting
P = −2p(px3 + qx4 + r)−1 andQ = 2q(px3 + qx4 + r)−1 wherep,q, r are constants and where
p2 + q2 �= 0.
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Corollary 7.32. If the functiona = a(x3, x4) (resp.b = b(x3, x4)), then Ca,b,c is strictly almost Kaehler
Einstein if and only if the function b = b(x3, x4) (resp. a = a(x3, x4)) and

c = x1U(x3, x4)+ x2V (x3, x4)+ γ (x3, x4),

where U2 + V 2 �= 0, 2U4 = U2, 2V3 = V 2, and U3 + V4 = UV .

Remark 7.33. Near any point where U2 + V 2 �= 0, we may use a variant of Lemma 2.13 to see
that the solution of the system in Corollary 7.32 is given by U = −2p(qx3 + px4 + r)−1 and
V = −2q(qx3 + px4 + r)−1 where p, q, r are constants and p2 + q2 �= 0.

It is well-known [16, 211, 212] that in the definite case there are no strictly almost Kaehler
structures of constant sectional curvature. In the indefinite case, however, one can construct such
structures.

Theorem 7.34. If c = 0, Ca,b,c is strictly almost Kaehler and of constant sectional curvature if and only
if the functions a and b have the form

a = x1P(x3, x4)+ x2Q(x3, x4)+ ξ(x3, x4),

b = −x1P(x3, x4)− x2Q(x3, x4)+ η(x3, x4),

where P 2 +Q2 �= 0 and where

2P3 = P 2, 2P4 = −PQ, 2Q3 = PQ, 2Q4 = −Q2,

2ξ44 + 2η33 + (ξ3 + η3)P − (ξ4 + η4)Q+ ξP 2 + ηQ2 = 0 .

In particular, every such a structure (ga,b,c, J ) is flat.

One also has that

Theorem 7.35. If a = b = 0, Ca,b,c is of constant sectional curvature if and only if

c = x1U(x3, x4)+ x2V (x3, x4)+ γ (x3, x4) ,

where U2 + V 2 �= 0 and where U , V , and γ satisfy 2U3 = UV , 2U4 = U2, 2V3 = V 2, 2V4 = UV ,
and γ34 = γU3. In particular, every such a structure (ga,b,c, J ) is flat.

Example. Let p, q, r be arbitrary constants and p2 + q2 �= 0. Set

a = (−2px1 + 2qx2)(px3 + qx4 + r)−1, b = (2px1 − 2qx2)(px3 + qx4 + r)−1, c = 0,

or
a = 0, b = 0, c = −(2px1 + 2qx2)(qx3 + px4 + r)−1.
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Then it follows from Theorems 7.34 and 7.35, and Remarks 7.31 and 7.33 (see Lemma 7.36 below)
that the proper almost Hermitian structure (ga,b,c, J ) determined by means of the functions a, b, c
defined above is strictly almost Kaehler and the metric g is flat.

Lemma 7.36. If a = b = 0, then Ca,b,c is an almost Kaehler manifold which is Kaehler if and only if
c = c(x3, x4).
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C H A P T E R 8

Special Walker Manifolds
8.1 INTRODUCTION
We adopt the notation of Example 5.2. In this Chapter, we consider Walker manifolds Ma,b,c

where two of the defining functions vanish. This permits a somewhat more detailed analysis than is
available in the general context. On the other hand, this is not an invariant notion.

In Section 8.3, we set a = b = 0 and examine when the manifolds M0,0,c are Osserman,
self-dual, or anti-self-dual. We determine the eigenvalues of the Weyl operator in the self-dual and
in the anti-self-dual contexts and study the commutativity conditions of Definition 1.27 for this
family. We give examples of conformally Osserman manifolds whose eigenvalue structures exhibit
all the possible algebraic types of Theorem 1.18; certain of these manifolds are strictly conformally
Osserman, i.e., they are conformally Osserman but are not in the conformal class of any Osserman
metric. We examine questions of geodesic completeness and Ricci blowup as well as study curvature
homogeneity.

In Section 8.4, we change our focus slightly and set b = c = 0. We examine questions of
curvature homogeneity for the family

Mf := Ma,0,0 where a = −2f (x4) ∈ C∞(R) .

We will show that if f (2) > 0, then Mf is curvature homogeneous and is curvature modeled on a
symmetric space. If additionally f (3) > 0, then Mf is 1 curvature homogeneous and 1 curvature
modeled on a homogeneous space;Mf is homogeneous if and only if one has that f (2)(x4) = αeλx4 ,
for some α, λ ∈ R.

8.2 HISTORY
The study of commutativity properties of natural operators associated with the curvature tensor
has received much attention in recent years. We refer to [48] for an overview of the field and only
mention a few high points here.

The field could be said to begin with the seminal work of Stanilov and Videv [246] where
commutation questions were first introduced, although Ricci semi-symmetric manifolds had been
studied previously in the literature.Tsankov [253] subsequently classified all the hypersurfaces in flat
Euclidean space which were curvature–curvature commuting. Subsequent to that time, a number
of authors have contributed to the field. Originally, the Riemannian setting has been studied [54,
55, 158, 174] but subsequently the pseudo-Riemannian setting was a fertile field of investigation as
well; we refer to [53, 58] for further details.
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As noted previously, curvature homogeneity also has been a fertile field of investigation.
Again, the Riemannian setting was the original context [232, 235, 236, 240, 249].Three dimensional
Lorentzian curvature homogeneous manifolds have been studied extensively [64, 65, 72, 73, 74, 232]
but the four dimensional setting has also been important both in the Lorentzian [202] and the
(2, 2) signature settings [99, 114]. The higher dimensional context has been examined as well
[113, 146, 147, 149]. We refer to [140] for a more extensive bibliography than it is possible to
present here and also to the seminal work of [226].

8.3 CURVATURE COMMUTING CONDITIONS
In this section,we report on work of [50,51,52].We set a = b = 0 and consider the manifold M0,0,c

in the notation of Example 5.2. There are two separate families which deserve special attention:

c = x1P(x3, x4)+ x2Q(x3, x4)+ γ (x3, x4) where P 2 = 2P4,

Q2 = 2Q3, PQ = P3 +Q4,
(8.1)

and

c = x1P(x3, x4)+ x2Q(x3, x4)+ γ (x3, x4) where P3 = Q4 . (8.2)

We note by Lemma 2.13 that the conditions on P and Q in Equation (8.1) are equivalent to the
conditions

P 2 = 2P4, Q2 = 2Q3, P3 = Q4 = 1
2PQ .

Theorems 5.5, 5.6, and 5.8 imply:

Lemma 8.1. The curvature and Weyl curvature tensor of M0,0,c take the form:

R1334 = − 1
4 (c1c2 − 2c13), R1314 = 1

2c11, R2324 = 1
2c22,

R1434 = − 1
4 (−c2

1 + 2c14), R1324 = 1
2c12, R1423 = 1

2c12,

R2334 = − 1
4 (c

2
2 − 2c23), R2434 = − 1

4 (−c1c2 + 2c24),

R3434 = − 1
2 (−cc1c2 + 2c34),

W−
11 = − 1

3c12, W−
12 = 1

4 (c11 + c22), W−
13 = 0,

W−
22 = − 2

3c12, W−
23 = 1

4 (c11 − c22), W−
33 = 1

3c12,

W+
11 = 1

6c12 + 2cc13 − 2c34, W+
22 = 1

3c12, W+
33 = W+

11 − 1
3c12,

W+
13 = W+

11 − 1
6c12, W+

23 = W+
12 = 1

2 (cc12 + c13 − c24).

One has the following results for this family:
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Theorem 8.2.

1. M0,0,c is self-dual if and only if c = x1P(x3, x4)+ x2Q(x3, x4)+ γ (x3, x4).

2. M0,0,c is anti-self-dual if and only if

c = x1P(x3, x4)+ x2Q(x3, x4)+ γ (x3, x4)+ ξ(x1, x4)+ η(x2, x3)

with P3 = Q4 and cP3 − x1P34 − x2P33 − γ34 = 0.

3. The following assertions are equivalent:

(a) M0,0,c is Einstein.

(b) c is as in Equation (8.1).

(c) ρ = 0.

(d) M0,0,c is Osserman.

(e) The only (possibly) non-zero curvature is R3434 = 1
2cc1c2 − c34.

It is a crucial feature of these examples that Ricci flat, Einstein, and Osserman are equivalent
conditions; this is not the case, of course, for general Walker manifolds of signature (2, 2). Further-
more, if M0,0,c is Einstein, then c is affine in (x1, x2) so M0,0,c is a twisted Riemannian extension
as discussed in Section 3.5.1. This will be a consistent theme in what follows. We refer to Theorem
8.6 below for other conditions which are equivalent to the Einstein condition.

Theorem 8.2 and Lemma 2.13 yield the following:

Corollary 8.3. Suppose that M0,0,c is Osserman. Then:

1. M0,0,c is a twisted Riemannian extension gD,φ given by Equation (3.4).

2. c is globally defined if and only if c = c(x3, x4).

3. If R3434 = 0, then M0,0,c is flat.

4. If R3434 �= 0, then M0,0,c is Osserman and 2-step nilpotent Ivanov–Petrova.

This result can be used to construct examples of Osserman and Ivanov–Petrova manifolds
where the Jordan normal form varies from point to point. Let p±

λ (resp. m±
λ ) be the characteristic

polynomial (resp. minimal polynomial) of the Weyl curvature operatorW± at a point P ∈ R
4.

Theorem 8.4.

1. If M0,0,c is self-dual, then p+
λ = −λ3 and

(a) m+
λ = λ3 if c13 − c24 �= 0.
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(b) m+
λ = λ2 if c13 − c24 = 0 and cc13 − c34 �= 0.

(c) m+
λ = λ if c13 − c24 = 0 and cc13 − c34 = 0.

2. If M0,0,c is anti-self-dual, then Spec{W−} = {0,± 1
2 (−c11 c22)

1
2 }. Also

(a) m−
λ = λ(λ2 + 1

4c11c22) if c11 c22 �= 0.

(b) m−
λ = λ3 if either c11 = 0 or c22 = 0 but not both.

(c) m−
λ = λ if c11 = c22 = 0.

We now turn our attention to commutativity conditions and recall the notation established
in Definition 1.27. We have:

Theorem 8.5. The following assertions are equivalent:

1. M0,0,c is Jacobi–Ricci commuting.

2. M0,0,c is curvature–Ricci commuting.

3. M0,0,c is curvature–curvature commuting.

4. c satisfies the conditions of Equation (8.2).

We study when M0,0,c is Jacobi–Jacobi commuting; Equation (8.1) appears once again.

Theorem 8.6. The following assertions are equivalent:

1. M0,0,c is curvature–Jacobi commuting.

2. M0,0,c is Jacobi–Jacobi commuting.

3. M0,0,c is Osserman.

4. c satisfies Equation (8.1).
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Lemma 2.13 shows that the conditions of Theorem 8.2 (3) are very rigid. On the other hand,
the condition of Theorem 8.5 (4) that P3 = Q4 is, of course, nothing but the condition that

ω := P dx4 +Qdx3

is a closed 1 form. Thus, there are many examples.
We continue the discussion of Section 6.5.3. Let D be a torsion free connection on a 2

dimensional manifold. The conditions given in Equations (8.1) and (8.2) can be expressed in terms
of a twisted Riemannian extension as follows.

Lemma 8.7. Let
c = x1P(x3, x4)+ x2Q(x3, x4)+ γ (x3, x4) .

Then, taking coordinates (x3, x4) on the affine manifold, M0,0,c is a twisted Riemannian extension gD,φ
given by Equation (3.4), where

φ33 = φ44 = �33
3 = �33

4 = �44
3 = �44

4 = 0,
φ34 = γ, �34

3 = − 1
2P, �34

4 = − 1
2Q.

Moreover,

1. ρDa = 0 if and only if c satisfies Equation (8.2).

2. ρDs = 0 if and only if ρD = 0 if and only if c satisfies Equation (8.1).

If a = b = 0, then ρDs = 0 ⇔ ρD = 0. This is, of course, a reflection of the equivalence of
conditions (1) and (2) in Lemma 2.13. However, this is not the case for a more general affine
extension. In contrast to the situation we have been considering where there are essentially two
different conditions on c, there are four cases of interest for a general twisted Riemannian extension
(cf. Theorem 6.28).

If M0,0,c is conformally Osserman, let SpecW denote the set of eigenvalues of JW where each
eigenvalue is repeated according to multiplicity and let mλ denote the minimal polynomial of JW .
We have the following examples which illustrate different phenomena of conformally Osserman
manifolds:

Theorem 8.8. The following manifolds M0,0,c are conformally Osserman.

1. The Jordan normal form does not change from point to point:

(a) c = x2
1 − x2

2 ⇒ mλ = λ(λ2 − 1
4 ) and SpecW = {0, 0,± 1

2 }.

(b) c = x2
1 + x2

2 ⇒ mλ = λ(λ2 + 1
4 ) and SpecW = {0, 0,±

√−1
2 }.
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(c) c = x1x4 + x3x4 ⇒ mλ = λ2 and SpecW = {0}.
(d) c = x2

1 ⇒ mλ = λ3 and SpecW = {0}.
2. SpecW = {0} but the Jordan normal form changes from point to point:

(a) c = x2x
2
4 + x2

3x4 ⇒ mλ =
⎧⎨⎩
λ3 if x4 �= 0,
λ2 if x4 = 0, x3 �= 0,
λ if x3 = x4 = 0 .

(b) c = x2x
2
4 + x3x4 ⇒ mλ =

{
λ3 if x4 �= 0,
λ2 if x4 = 0 .

(c) c = x1x
2
3 ⇒ mλ =

{
λ3 if x3 �= 0,
λ if x3 = 0.

(d) c = x1x3 + x2x4 ⇒ mλ =
{
λ2 if x1x3 + x2x4 �= 0,
λ if x1x3 + x2x4 = 0 .

3. The eigenvalues can change from point to point:

(a) c = x4
1 + x2

1 − x4
2 − x2

2 ⇒ SpecW = {0, 0,± 1
2

√
(6x2

1 + 1)(6x2
2 + 1)}.

(b) c = x4
1 + x2

1 + x4
2 + x2

2 ⇒ SpecW = {0, 0,± 1
2

√
−(6x2

1 + 1)(6x2
2 + 1)}.

(c) c = x3
1 − x3

2 ⇒ SpecW = {0, 0,± 3
2
√
x1x2}.

We note that (1a) has Type Ia, that (1b) has Type Ib, that (1c) has Type II, and that (1d) has
Type III in the classification of Theorem 1.18.Thus, all algebraic types can be realized geometrically
in this context.

Recall that M is said to be strictly conformally Osserman if it is conformally Osserman but
it does not belong to the conformal class of any Osserman metric; we refer to related work by
Nikolayevsky [210] in the Riemannian setting.

Theorem 8.9. Let M0,0,c be as in Theorem 8.8.

1. The manifolds of (1a), (1b), and (1d) are strictly conformally Osserman.

2. Only (1c) defines a geodesically complete manifold; the remaining manifolds exhibit Ricci blowup
and therefore can not be embedded isometrically in a geodesically complete manifold.

3. The manifolds other than (1d) are not curvature homogeneous.
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4. The manifold (1d) is curvature homogeneous, not 1 curvature homogeneous, and the group of isome-
tries acts transitively on O := R

4 − {(0, x2, x3, x4)}.

Remark 8.10. LetR� be the induced action of the curvature on�2(T ∗M). We note that Derdzin-
ski [98] showed a 4 dimensional Riemannian manifold is curvature homogeneous if and only if
R� has constant eigenvalues; furthermore if such a manifold is Einstein, then it is locally symmet-
ric. In (2d), Spec{R�} = {0} but the manifold is not curvature homogeneous. Thus, this result of
Derdzinski fails in signature (2, 2); we refer to Derdzinski [99] for additional results in this direction.

Remark 8.11. In Case (1) above, the group of isometries acts transitively on the proper open subset
O of the manifold

M0,0,x2
1
.

Thus, O is a homogeneous space which is geodesically incomplete; this can not happen in the
Riemannian setting.

8.4 CURVATURE HOMOGENEOUS
STRICT WALKER MANIFOLDS

This reports on work with C. Dunn [114] and generalizes previous work by Derdzinski [98] in the
area. We refer to [140] for other examples. Let f = f (x4). We set

a = −2f, b = c = 0

to define, using the notation of Example 5.2,

Mf := Ma,0,0 .

This strict Walker manifold is a twisted Riemannian extension where the connection on R
2 is flat as

was discussed in Section 3.5.2. By Theorem 3.17, all manifolds in this family are nilpotent Ivanov–
Petrova. Similarly, by Theorem 3.16, any such manifold is nilpotent Osserman. It will follow from
Theorem 8.12 and Lemma 2.12 that Mf is symmetric if and only if f (3) = 0. Furthermore, if
Mf is symmetric, then either Mf is flat, or Mf is locally isometric to one of the following two
examples:

Mx2
4

or M−x2
4
.

It turns out that the sign(f (2)) is a local isometry invariant; we shall therefore usually assume
f (2) > 0 as the case f (2) < 0 can be handled similarly.

The following is an immediate consequence of Theorem 3.9:

Theorem 8.12. The manifolds Mf satisfy:
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1. ∇kR(∂x3, ∂x4, ∂x4, ∂x3; ∂x4, . . . , ∂x4) = f (k+2); the remaining components vanish.

2. All geodesics extend for infinite time.

3. If P ∈ R
4, then expP : TPR

4 → R
4 is a diffeomorphism.

4. All the local Weyl scalar invariants of Mf vanish so Mf is VSI.

For p ≥ 2 and f (3) > 0, set

αp(f ) := f (p+2){f (2)}p−1{f (3)}−p .
We have the following curvature homogeneity results:

Theorem 8.13. Assume f (2) > 0.

1. Mf is curvature modeled on the symmetric space Mx2
4
.

2. Assume additionally that f (3) > 0.

(a) Mf is 1 curvature modeled on the homogeneous space Mex4 .

(b) Mf is homogeneous if and only if f (2) = αeλx4 for some α, λ ∈ R.

Theorem 8.14. Assume that f (2)i > 0 and f (3)i > 0.

1. Let fi be real analytic. Assume αp(f1)(P1) = αp(f2)(P2) for all p ≥ 2. Then there exists a real
analytic isometry

φ : (Mf1, P1) → (Mf2, P2) .

2. If there is an isomorphism � from the k curvature model Mk(Mf1, P1) to the k curvature model
Mk(Mf2, P2), then

αp(f1)(P1) = αp(f2)(P2) for 2 ≤ p ≤ k .

We work in the real analytic context henceforth soTheorem 8.14 applies.The Walker manifold
Mf can be realized as a hypersurface. Give R

2,3 := Span{e1, e2, ẽ1, ẽ2, ě} a signature (2, 3) inner-
product:

〈ei, ẽi〉 = 1, 〈ě, ě〉 = 1 .

Let Hf be the hypersurface defined by the embedding:


(x1, x2, x3, x4) := x1e1 + x2e2 + x3ẽ1 + x4ẽ2 + ( 1
2x

2
1 + f (x4))ě .

Theorem 8.15. If f is real analytic, then (Mf , P ) is isometric to (Hf , P ).
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Let G be the Lie group of isometries of Mf and let g be the associated Lie algebra.

Theorem 8.16. Let f be real analytic.

1. If f (2) = 0, then dim g = 10.

2. If f (2) = k �= 0, then dim g = 8.

3. If f (2) = αeλx4 for α �= 0 and λ �= 0, then dim g = 6.

4. If f (2) �= αeλx4 and if f (2) �= α(x4 + β)n for n ∈ N, then dim g = 5.
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tions of fluid bodies. II. Strong gravity, Classical Quantum Gravity 23 (2006), 1689–1696.
DOI: 10.1088/0264-9381/23/5/014
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[37] N. Blažić, P. Gilkey, S. Nikčević, and I. Stavrov, Curvature structure of self-dual 4-manifolds,
Int. J. Geom. Methods Mod. Phys. 7, 1191-1204. DOI: 10.1142/S0219887808003259

[38] E. Boeckx, O. Kowalski, and L. Vanhecke, Riemannian manifolds of conullity two, World
Sci. Publ. Co., River Edge, NJ, 1996.

[39] N. Bokan, On the complete decomposition of curvature tensors of Riemannian man-
ifolds with symmetric connection, Rend. Circ. Mat. Palermo 39 (1990), 331–380.
DOI: 10.1007/BF02844767
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Glossary
In order to help the reader to understand the basic content of the book, we summarize in

these pages some notational conventions employed herein.

Elements in a model.

V vector space.
x, y, z,… arbitrary vectors of V .

〈·, ·〉 inner product of arbitrary signature.
A algebraic curvature tensor.
M algebraic model composed by the triple (V , 〈·, ·〉, A).
C complex model composed by the quadruple (V , 〈·, ·〉, J, A).

�(V ) space of algebraic curvature tensors.

Elements in a manifold.

M differentiable manifold of dimension m.
O open neighborhood.
gD Riemannian extension.
g pseudo-Riemannian metric.
M pseudo-Riemannian manifold formed by the pair (M, g).

(x1, . . . , xm) local coordinates.
C∞(M) space of smooth functions on M .
TPM tangent space of M at P .

C∞(TM) space of smooth vector fields on M .
{∂x1, . . . , ∂xm} coordinate vector fields.
{dx1, . . . , dxm} dual of the coordinate vector fields.
X, Y , Z,… arbitrary vector fields of M .

D arbitrary connection.
∇ Levi-Civita connection.
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Curvature and associated elements.

R (0, 4) curvature tensor.
R curvature operator.
Rijk

� curvature components in a given basis.
ρ Ricci tensor and Ricci operator.
τ scalar curvature.

W+,W− self-dual and anti-self-dual Weyl curvature tensors.
L second fundamental form.

Complex and para-complex manifolds.

J almost Hermitian and almost para-Hermitian structure.
{J1, J2, J3} hyper-Hermitian and hyper-para-Hermitian structure.

ρ� �-Ricci tensor.
τ � �-scalar curvature.

�(·, ·) Kaehler form.

Walker manifolds.

D null distribution.
gD,φ twisted Riemannian extension.
gD,φ,T ,S modified Riemannian extension.
Ma,b,c Walker manifold of signature (2, 2) composed of the pair (O, ga,b,c).
Ca,b,c almost Hermitian manifold of signature (2, 2)

composed of the triple (O, ga,b,c, J ).
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�-Einstein equation, 103, 106, 108
�-Ricci flat, 114, 115
�-Ricci tensor, 9, 34
�-scalar curvature, 9, 34, 35, 86, 114
k curvature homogeneous, 36, 37
k curvature modeled on a homogeneous space,

36
k-stein, 13

adjoint map, 23
affine connection, 32, 50, 51, 99
affine extension, 123
affine geodesic, 27
affine manifold, 25–27, 53, 123
affine structure, 40
affine surface, 89
almost anti-Hermitian metric, 34
almost anti-Hermitian structure, 85
almost complex manifold, 34
almost complex structure, 33, 35, 101, 103,

110, 111
almost Hermitian, 33, 34, 83, 91, 103, 104, 110
almost Hermitian structure, 33, 78, 103, 104,

117
almost hyper-para-complex structure, 34, 35,

106
almost hyper-para-Hermitian, 35
almost hyper-para-Hermitian structure, 35,

106
almost Kaehler, 33, 34, 84, 103–105, 114–117

almost Kaehler Einstein, 104, 115, 116
almost Kaehler Einstein structure, 103
almost Kaehler form, 33
almost Kaehler structure, 84, 108, 116
almost para-complex, 47
almost para-complex structure, 35, 47, 69, 93
almost para-contact, 69
almost para-Hermitian, 46, 53, 69
almost para-Hermitian geometry, 34
almost para-Hermitian manifold, 35
almost para-Hermitian structure, 34, 39, 77,

78, 83, 84, 86, 91, 111
almost para-Hermitian Walker structure, 84,

87
almost para-Kaehler, 34, 70, 84–86
almost para-Kaehler structure, 93
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almost symplectic, 46
anti-Hermitian structure, 34
anti-Kaehler, 34
anti-Kaehler structure, 34, 44
anti-Lee vector field, 111
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119–121

bi-invariant, 23
Bochner curvature, 87, 91
Bochner formula, 104
bundle-like foliation, 68, 69
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Einstein convention, 3
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Einstein equation, 80, 92, 103, 115
essentially conformally symmetric (ECS), 48
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Fiedler’s theorem, 6
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flat connection, 47, 51, 53, 99, 125
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foliated Walker manifold, 67
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Fubini-Study metric, 6

Gauss Equation, 67
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geodesically incomplete, 125, 126
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Goldberg Conjecture, 84, 103
Goldberg-Sachs Theorem, 77, 78, 83, 91
Grassmannian, 17
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Hermitian manifold, 11, 33, 34, 36, 110, 111
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Hirzebruch signature, 85
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Hodge star operator, 11, 16
holomorphic sectional curvature, 7
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homogeneous structure, 39, 45, 46, 71, 72, 76
hyper-Hermitian curvature decomposition, 11
hyper-Hermitian model, 35
hyper-Hermitian structure, 7
hyper-Kaehler structure, 91
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hyper-para-Kaehler structure, 107
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indefinite Einstein, 103
indefinite Hermitian manifold, 111
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isotropic Kaehler structure, 84, 103–105
isotropic para-Hermitian manifold, 84
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isotropically geodesic, 68
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Ivanov–Petrova manifold, 64
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nilpotent shape operator, 39
nilpotent Szabó, 54
non-compact, 49
non-symmetric Osserman, 39
non-unimodular, 73
normal plane field, 67
null eigenspace, 47
null Jacobi operator, 95
null Osserman, 13, 95
null parallel distribution, 40, 49, 51, 53, 60
null parallel field, 40, 78
null parallel plane, 78
null parallel vector field, 107
null plane, 40, 58, 59
null subspace, 4, 44
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para-Hermitian model, 35
para-Hermitian curvature decomposition, 11
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parallel transport, 21, 27, 42
parallel vector field, 31, 60, 107
parallel Weyl curvature tensor, 48
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plane field, 67
plane wave manifold, 30, 51
pointwise Ivanov–Petrova, 95
pointwise Jordan Osserman, 95
pointwise Osserman, 29, 90–93, 95
pp-wave model, 40
principal bundle, 43
principal curvature, 44
projectively equivalent, 99
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shape operator, 39, 40, 44, 67, 68
signature, 5
simply connected, 22, 31, 32, 36, 45, 49, 71, 72
Singer decomposition, 9
skew symmetric Ricci tensor, 92, 97–99
skew–Tsankov, 19
skew–Videv, 19
space form, 44, 89
spacelike, 4
spacelike Jordan Ivanov–Petrova, 18
spacelike Jordan Osserman, 14
spacelike Osserman, 13
spectrum of an operator, 12
strict Walker, 57, 65, 70, 71, 76, 125
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strictly almost Kaehler, 103, 115–117
strictly almost Kaehler structure, 116
strictly conformally Osserman, 119, 124
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timelike Jordan Ivanov–Petrova, 18
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unimodular, 23, 73
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Vaisman manifold, 111
Vaisman structure, 111
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